
Efficient Algorithms for Solving Shortest Paths

on Nearly Acyclic Directed Graphs

Shane Saunders Tadao Takaoka

Department of Computer Science and Software Engineering,
University of Canterbury, Christchurch, New Zealand,

Email: sas59@student.canterbury.ac.nz (Shane Saunders),
Email: tad@cosc.canterbury.ac.nz (Tadao Takaoka)

Abstract

This paper presents new algorithms for computing
shortest paths in a nearly acyclic directed graph
G = (V, E). The new algorithms improve on the
worst-case running time of previous algorithms. Such
algorithms use the concept of a 1-dominator set.
A 1-dominator set divides the graph into a unique
collection of acyclic subgraphs, where each acyclic
subgraph is dominated by a single associated trig-
ger vertex. The previous time for computing a 1-
dominator set is improved from O(mn) to O(m),
where m = |E| and n = |V |. Efficient shortest
path algorithms only spend delete-min operations on
trigger vertices, thereby making the computation of
shortest paths through non-trigger vertices easier.
Under this framework, the time complexity for the all-
pairs shortest path (APSP) problem is improved from
O(mn + nr log r) to O(mn + r2 log r), where r is the
number of triggers. Here the second term in the com-
plexity results from delete-min operations in a heap of
size r. The time complexity of the APSP problem on
the broader class of nearly acyclic graphs, where trig-
ger vertices correspond to any precomputed feedback
vertex set, is similarly improved from O(mn + nr2)
to O(mn + r3). This paper also mentions that the 1-
dominator set concept can be generalised to define a
bidirectional 1-dominator set and k-dominator sets.

1 Introduction

A directed graph G = (V, E) consists of a set of ver-
tices V , and a set of directed edges E. An edge e ∈ E
is a directed connection v → w from one vertex v ∈ V
to another vertex w ∈ V , and has an associated cost
c(e). For simplicity, it is assumed that c(e) ≥ 0. Any
path connecting a pair of vertices has an associated
distance which corresponds to the sum of the costs of
edges that make up the path. The existence of alter-
native paths between a pair of vertices provides the
possibility of some paths being shorter than others in
terms of their associated distance. This results in the
problem of determining which paths are the shortest.
For further description of algorithm and graph theory
terms, refer to Gibbons (1985).

Dijkstra’s algorithm (Dijkstra 1959) solves the sin-
gle source shortest path problem on a non-negatively
weighted directed graph in O(m + n logn) worst-
case time1 when applied in conjunction with a Fi-
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bonacci heap (Fredman & Tarjan 1987) or 2-3 heap
(Takaoka 1999), where m accounts for distance up-
dates from edges, and n accounts for delete-min op-
erations in the heap. The time complexity provided
by Dijkstra’s algorithm applies to any non-negatively
weighted directed graph in general. However, for
some classes of directed graphs, such as limited edge
cost graphs, planar graphs, and nearly acyclic graphs,
it is possible to improve upon the time complexity of-
fered by Dijkstra’s algorithm by using a specialised
shortest path algorithm. Applying Dijkstra’s algo-
rithm from all n possible source vertices solves the
all-pairs problem in O(mn+n2 log n) time for a graph
in general. However, as in the case of single-source,
it is possible to achieve a lower time complexity when
solving all-pairs on special-case graphs by using spe-
cialised algorithms on such graphs.

The specialised shortest path algorithms presented
in this paper offer improved efficiency when a directed
graph is nearly acyclic. Nearly acyclic graphs con-
tain very few cycles relative to the number of vertices
they contain. This results in large underlying acyclic
subgraphs, within which shortest paths can be com-
puted efficiently. Several shortest path algorithm for
nearly acyclic directed graphs have appeared previ-
ously (Abuaiadh & Kingston 1994, Abuaiadh 1995,
Takaoka 1998, Saunders & Takaoka 2003). The pre-
vious publication by Saunders & Takaoka (2003) pro-
vides a survey of these algorithms. New algorithms
presented in Saunders & Takaoka (2003) introduced
the concept of trigger vertices, from which shortest
paths can be computed efficiently through underlying
acyclic regions in a graph. A graph decomposition,
which is now called the 1-dominator set, was devised
for specifying such acyclic regions. A 1-dominator
set divides a graph into a unique collection of acyclic
subgraphs such that any single acyclic subgraph is
dominated by a single associated trigger vertex. This
provided a single-source algorithm with a time com-
plexity of O(m + r log r), where r is defined as the
number of trigger vertices in the 1-dominator set. If
r is small, then the graph is regarded as being nearly
acyclic. Saunders and Takaoka also gave a framework
which defined trigger vertices more generally as feed-
back vertices, providing an all-pairs algorithm with
a time complexity of O(mn + nr2), where r is the
number of such trigger vertices. Such a definition for
trigger vertices is able to encompass a wide range of
acyclic structures within a graph.

Extending upon the previous publication by Saun-
ders and Takaoka, this paper introduces new algo-
rithms for providing efficient computation of short-
est paths on nearly acyclic graphs. A new all-pairs
algorithm is given which uses a 1-dominator set to
achieve a time complexity of O(mn + r2 log r), im-
proving on the earlier O(mn + nr log r) algorithm.
Here r is the number of trigger vertices in either the
monodirectional or bidirectional 1-dominator set of a



graph. The bidirectional 1-dominator set extends the
previously presented monodirectional 1-dominator set
by allowing acyclic structures to be defined in both
directions over edges in the graph. By capturing a
more general form of acyclicity, the bidirectional 1-
dominator set provides a potentially smaller value
for r. Furthermore, the bidirectional 1-dominator
set, like its monodirectional counterpart, is set-wise
unique for a given graph. The previous algorithm
for computing the monodirectional 1-dominator set
required O(mn) time in the worst case. A new, im-
proved, algorithm now allows the monodirectional 1-
dominator set to be computed in O(m) time. This
can be integrated as part of the O(m + r log r) time
required to solve single-source using a 1-dominator
set. Under the more flexible definition of trigger ver-
tices, where r is defined as the number of vertices in
a precomputed feedback vertex set, the new all-pairs
algorithm achieves a time complexity of O(mn + r3),
providing a significant improvement on the earlier
O(mn + nr2) algorithm.

As a starting point, Section 2 provides a mathe-
matical definition for 1-dominator sets. A new algo-
rithm for computing the 1-dominator set of a graph
in O(m) time is then presented in Section 3. This is
followed by a description of the new shortest path al-
gorithms in Section 4. Final concluding remarks are
given in Section 5.

2 A Mathematical Definition for Acyclic De-
composition

This section reviews the acyclic decomposition
method previously presented by (Saunders & Takaoka
2003). A mathematical definition for the decomposi-
tion is presented, in contrast to the earlier work which
defined the decomposition algorithmically. Addition-
ally, the acyclic decomposition is extended to allow
acyclic structures defined in both the incoming and
outgoing directions from vertices.

Acyclic structures can be defined as either partial
or complete. To distinguish the two forms, partial
acyclic structures are denoted using a primed nota-
tion, as in A′

u
. An acyclic structure can be defined in

either the forward or backward direction of edges in
the graph. The definition for forward acyclic struc-
tures will be given first. A forward partial acyclic
structure A′

v is defined in the forward direction from
some vertex v in the graph, with vertex v ‘dominating’
all vertices of A′

v . Such an acyclic structure satisfies
the following mathematical properties:

• v ∈ A′

v

• A′

v
−{v} is acyclic; that is, the vertices in A′

v
−{v}

induce an acyclic graph.

• All w ∈ A′

v − {v} satisfy IN (w) ⊆ A′

v and
IN (w) 6= ∅.

Here the notation IN (w) is used to denote the set
of vertices that are adjacent to w via incoming edges
of w. Intuitively speaking, vertices w ∈ A′

v
can only

be reached from outside A′

v
by paths through vertex

v. A partial acyclic structure A′

v
is not necessarily

complete. The complete acyclic structure Av defined
in the forward direction from a vertex v must satisfy
the additional requirement:

• w ∈ Av for all w that satisfy IN (w) ⊂ Av .

This rule ensures that a complete acyclic structure Av

contains all vertices that are ‘dominated’ by vertex v.
A symmetric definition provides partial and complete
backward acyclic structures B′

v and Bv respectively;
just replace A by B and IN (w) by OUT (w).

In general, let a complete acyclic structure defined
on a dominating vertex v be denoted as Φv. If only
monodirectional acyclic structures are being consid-
ered then, depending on whether forward or backward
acyclic structures are being used, Φv can be defined
as either Φv ≡ Av or Φv ≡ Bv. In the case of bidi-
rectional acyclic structures, Φv takes the definition
Φv ≡ Av ∪ Bv.

With any vertex v in the graph having a corre-
sponding complete acyclic structure, there will be
some complete acyclic structures that are contained
as subsets of other complete acyclic structures. This
is defined in the following theorem:

Theorem 1. If v ∈ Φu then Φv ⊆ Φu.

Proof. A detailed proof has been omitted because of
space constraints, but can be seen by noting that any
vertex which can be included into Φv can also be in-
cluded into Φu on the basis that v ∈ Φu.

As a result of Theorem 1, there will exist some
acyclic structures Φu that cannot be contained as a
subset of any other acyclic structure. Such acyclic
structures are referred to as maximal acyclic struc-
tures, and satisfy the following additional require-
ment:

• Φu ⊂ Φv does not hold for any Φv.

Thus, among the collection of all complete acyclic
structures within a graph, there will exist acyclic
structures that are maximal. The set of all such
acyclic structures is referred to as the 1-dominator
set.

For the purpose of precisely defining the 1-
dominator set, let the set Q be defined as:

Q = { Φu | Φu is maximal }

Thus, the set Q contains all maximal acyclic struc-
tures. Some maximal acyclic structures may be du-
plicated in Q, corresponding to cases where Φv = Φu

for two different dominating vertices v and u. The 1-
dominator set R contains all the acyclic structures
in Q, except for any duplicates. For the monodi-
rectional 1-dominator set, R forms a disjoint set of
acyclic structures covering the whole graph, and thus
is a decomposition. In the case of bidirectional 1-
dominator sets, the forward and backward parts of
different acyclic structures may overlap.

The vertex u used for denoting a maximal acyclic
structure Φu ∈ R is referred to as a trigger vertex.
Later, it will be seen that this vertex ‘triggers’ short-
est path distance updates through other vertices in
Φu. In cases where there exists a duplicate acyclic
structure Φv = Φu for some Φv ∈ Q, the placement
of Φu in R expresses u as the trigger, as opposed to
the alternative trigger vertex v.

The set Q, which contains all maximal acyclic
structures, constitutes a unique set of acyclic struc-
tures. The removal of duplicates from Q results in the
unique set R since duplicate maximal acyclic struc-
tures are indistinguishable in terms of the vertices
they contain. Thus, the 1-dominator set R is set-wise
unique for a given graph. Only the choice among
alternative trigger vertices of an acyclic structure is
non-unique.

A generalisation of the 1-dominator set concept
defines a more complex form of dominator sets, called
k-dominator sets, in which each acyclic structure is
dominated by up to k vertices. A complete definition
for k-dominator sets appears in the Ph.D. thesis of
Shane Saunders (Saunders 2004).



3 Acyclic Decomposition Algorithms

An algorithm for computing monodirectional 1-
dominator sets in O(mn) worst-case time was previ-
ously presented by Saunders & Takaoka (2003). This
section presents an improved algorithm which spends
just O(m) worst-case time.

For descriptive purposes, let acyclicSetA(u) de-
note a function which returns a vertex set A contain-
ing the vertices of the acyclic structure Au. This func-
tion can be implemented using the restricted depth
first search approach previously described in Saun-
ders & Takaoka (2003). A restricted depth first search
maintains a value inCount [v] for each vertex v, which
is the number of untraversed incoming edges of v. If
inCount [v] becomes zero, then v is said to be unlocked
and the search proceeds forward. The 1-dominator
set is computed by marking vertices as either trigger ,
nontrigger , or undefined . Initially, all vertices are
marked as undefined , identifying themselves as untra-
versed. The acyclic structures of the 1-dominator set
are identified by maintaining reference values AC[v]
which refer to the last acyclic set found to contain
vertex v. After calling acyclicSetA(u) from an un-
traversed vertex u, the value of AC[v] is assigned
to refer to the computed vertex set A for all ver-
tices v ∈ A. Additionally, all vertices contained in
A are marked as non-triggers, except for vertex u,
which is marked as a trigger. In order for all maxi-
mal acyclic structures to be computed, an algorithm
must call acyclicSetA(u) from any vertex u that re-
mains untraversed, and mark the traversed vertices as
triggers or non-triggers accordingly. In this way, all
non-maximal acyclic structures are eventually erased,
leaving just the maximal acyclic structures which rep-
resent the 1-dominator set.

Following the previous approach, one can com-
pute the 1-dominator set simply by considering un-
traversed vertices u in any arbitrary order for call-
ing acyclicSetA(u). However, this results in O(mn)
worst-case time since each call acyclicSetA(u), tak-
ing up to O(m) time, may re-traverse vertices tra-
versed during earlier calls. A more efficient ap-
proach is to only initiate calls acyclicSetA(u) from
vertices bordering previously computed acyclic struc-
tures. This takes advantage of the 1-dominator set
property that Aw is maximal for any vertex w bor-
dering another maximal acyclic structure Au. Thus,
if a maximal acyclic structure Au is computed by call-
ing acyclicSetA(u), then other maximal acyclic struc-
tures Aw can be computed by calling acyclicSetA(w)
from vertices w bordering Au, and so forth until all
reachable vertices have been traversed.

In order to support this more efficient approach,
boundary vertices must be computed along with
acyclic structures. This is achieved using a mod-
ified version of the function acyclicSetA(v), called
bAcyclicSetA(v), which returns the set of boundary
vertices D, in addition to the computed acyclic struc-
ture A. The complete function is shown as Algorithm
1. Any vertex visited by bAcyclicSetA(v) that is not
included into the resulting acyclic structure A, will be
a boundary vertex of A. Thus, the set of boundary
vertices D is easily computed as D ← L − A, where
L is the set of all vertices visited.

Algorithm 1. Function for Computing Av and
Boundary Vertices

1. function bAcyclicSetA(u) {
2. VertexSet A, L;
3. procedure rdfs(v) {
4. A← A + {v};
5. for each w ∈ OUT (A) do {
6. if w /∈ L then L← L + {w};

// w visited
7. inCount [w]← inCount [w]− 1;
8. if inCount [w] = 0 then rdfs(w);

// w unlocked
9. }

10. }
11. A← ∅; L← {u};
12. inCount [u]← inCount [u] + 1;

// prevents re-traversal of u
13. rdfs(u);
14. for each w ∈ L do inCount [w]← |IN (w)|;
15. VertexSet D ← L−A;

// boundary vertices
16. return (A,D);
17. }

Algorithm 2 presents the overall algorithm, which
calls bAcyclicSetA(v) and explores the resulting
boundary vertices. An array entry vertexType [v] is
used for the purpose of storing the marking of ver-
tex v. The algorithm maintains a queue Q contain-
ing boundary vertices to be considered. Initially, the
starting vertex s is placed in Q, as no boundary ver-
tices are known. The algorithm proceeds by removing
a vertex u from Q. If u has not already been put in an
acyclic structure, then the function bAcyclicSetA(u)
is called to determine the associated acyclic struc-
ture A and set of boundary vertices D. The algo-
rithm then assigns the appropriate values to AC[v]
and vertexType [v] for all vertices v contained in A.
Then, each boundary vertex v in D that has not al-
ready been put in an acyclic structure is placed in Q,
provided that v is not already in Q. This process con-
tinues until all located boundary vertices have been
exhausted from Q. At this point, all reachable ver-
tices in the graph will have been traversed, and the
maximal acyclic structures defined on these vertices
determined.

Algorithm 2. Computing the 1-Dominator Set

1. for all v ∈ V do inCount [v]← |IN (v)|;
2. for all v ∈ V do vertexType[v]← unknown;
3. Q← {s};
4. while Q 6= ∅ do {
5. Remove the next vertex u from Q;
6. if vertexType [u] = unknown then {
7. (A, D)← bAcyclicSetA(u);
8. for each v ∈ A do

let AC[v] refer to A;
9. for each v ∈ A do

vertexType [v]← nontrigger ;
10. vertexType [u]← trigger ;
11. for each v ∈ D do {
12. if vertexType [v] = unknown

and v /∈ Q then Add v to Q;
13. }
14. }
15. }

When the algorithm begins, it is unknown whether
the starting vertex s is a trigger. In cases where
the starting vertex s is a non-trigger, non-maximal
acyclic structures will be computed until a trigger
vertex is hit. It can be shown that any non-maximal
acyclic structure computed will consume only untra-
versed vertices. Furthermore, all non-maximal acyclic
structures computed will belong to the same maxi-
mal acyclic structure Ax for some vertex x. In cases
where the graph, or subgraph being considered, is
strongly connected this trigger vertex x will eventu-
ally be hit. At that point, such non-maximal acyclic
structures will be erased by the computation of Ax.
Since the computation of Ax is the only occurrence
of re-traversal, no edge and vertex in the graph is



traversed more than twice. Hence, the algorithm’s
running time is at worst O(m).

For a strongly connected (SC) graph, all vertices
will be reachable from any arbitrary starting vertex
s, and all maximal acyclic structures in the graph
will be computed in O(m) worst-case time. For other
graphs, it is necessary to repeatedly apply this process
from each untraversed SC component in the graph in
topological order. Let the notation cover(s) denote
exactly the same process used by lines 3 to 15 of Al-
gorithm 2. A single call cover (s) will determine the
maximal acyclic structures contained within the cur-
rent SC component and any reachable downstream
SC components that still remain untraversed. By call-
ing cover (s) for any SC component remaining untra-
versed, the whole graph will be considered, and all
maximal acyclic structures in the graph will be com-
puted. The combined time of all calls cover (s) is at
most O(m) since each call only traverses vertices that
were not encountered by previous calls. Furthermore,
the SC components of the graph, and their topolog-
ical ordering, can be determined in O(m) worst-case
time using Tarjan’s algorithm. In summary, the 1-
dominator set of any graph can be computed in O(m)
worst-case time.

The respective algorithms for computing the back-
ward 1-dominator set are obtained by replacing the
function acyclicSetA(v) with a symmetric function
acyclicSetB (v). This approach has been extended
to compute bidirectional 1-dominator sets in O(m)
worst-case time. One such approach is to merge a
graph’s forward and backward 1-dominator sets. The
algorithms for computing bidirectional 1-dominator
sets are not given in this paper.

4 Shortest Path Algorithms Using Acyclic
Decompositions

This section presents a general framework for using
acyclic decompositions to compute shortest paths ef-
ficiently. In general, an acyclic decomposition con-
sists of a set of trigger vertices T , and a set of ver-
tices T = V − T that forms a subgraph constituting
a large acyclic region within G. This different defi-
nition for acyclic decomposition by trigger vertices is
equivalent to that of the feedback vertex set; that is,
the graph is decomposed into a feedback vertex set T
and its associated acyclic region T . The shortest path
algorithms presented in this section are able to apply
any precomputed feedback vertex set, including the
trigger vertices offered by 1-dominator sets, in order
to provide efficient computation of shortest paths.

To begin with, the vertices contained in the acyclic
region T are topologically sorted. A topological order-
ing of these vertices can easily be computed in O(m)
time. This topological ordering is used to achieve
efficient computation of shortest paths that involve
vertices in T . In the case of the 1-dominator sets,
this topological ordering will have been produced as
a by-product of computing acyclic structures.

In order to compute shortest paths efficiently,
shortest paths between vertices in T via only ver-
tices in T are computed. These shortest paths be-
come edges in a reduced graph P , whose vertices cor-
respond to vertices in T . The cost c(u, v) of an edge
u→ v in P is defined as the cost of the shortest path
of the form u  v for u ∈ T and v ∈ T . Here the
notation u  v is used to denote paths of the form
u, v1, v2, . . . , vk, v, where k ≥ 0 and vi ∈ T for all
1 ≤ i ≤ k. The case where k = 0 allows the possibil-
ity of u v denoting a single edge directly from u to
v in the original graph. An edge u → v is created in
P if and only if there exists a path of the form u v.

In total, O(mr) time is needed when computing
P from a general feedback vertex set. This is eas-
ily contained within the time complexity required to
compute all-pairs. The time required for comput-
ing P from the monodirectional or bidirectional 1-
dominator is at worst O(m) by scanning each acyclic
structure exactly once, and can be integrated as part
of the time complexity required for computing single-
source.

By computing P and solving shortest paths on
P , shortest paths in the whole graph can be com-
puted more efficiently. The previous approach for
using P provided an all-pairs algorithm with a time
complexity of O(mn + m′n + nr log r), where r is the
number of trigger vertices and m′ is the number of
edges in P . For a general set of feedback vertices,
m′ is at worst O(r2), and the time complexity sim-
plifies to O(mn + nr2). In contrast, a pseudo-graph
P computed from a 1-dominator set has m′ ≤ m,
giving a time complexity of O(mn + nr log r). In-
terestingly, this result also applies for the new bi-
directional 1-dominator set, which allows a poten-
tially smaller value for r. Furthermore, the mono-
and bi-directional 1-dominator set both support the
solving of single-source in O(m+r log r) time by com-
puting P in just O(m) time.

Previously, a generalised form of the single-source
problem was solved on P . The new all-pairs algo-
rithm presented here takes the approach of solving an
all-pairs problem on the reduced graph P . With P
containing r vertices and m′ edges, the time required
to compute all-pairs on P is at worst O(m′n+r2 log r)
by using Dijkstra’s algorithm with a Fibonacci heap
or similarly efficient data structure. This determines
the shortest path between any pair of trigger vertices.
As will be shown, it is then possible to complete
the solution to the all-pairs problem on the whole
graph in O(mn) time. Overall, all-pairs is solved in
O(mn+m′r + r2 log r) time; improving on the earlier
O(mn + m′n + nr log r) result.

The new approach is presented as Algorithm 3.
Within this algorithm, the result of solving all-pairs
on P is represented in an all-pairs matrix M such
that M [x, u] denotes the shortest path from x to u
for any pair of vertices x ∈ T and u ∈ T . For de-
scriptive purposes, let λ[v, u] be used to denote the
hypothetical shortest path distance from vertex v to
vertex u. The goal of the algorithm is to compute
λ[v, u] for every pair of vertices u ∈ V and v ∈ V . To
achieve this, the algorithm first considers each vertex
u ∈ T , and determines λ[v, u] for all vertices v ∈ V .
This is done by backtracking from u, first to other
trigger vertices x ∈ T by consulting array entries
M [x, u], and then on to vertices v ∈ T in reverse-
topological order. Within this computation, M [x, u]
specifies the shortest path distance λ[x, u] for vertices
x ∈ T . The shortest path distance λ[v, u] for vertices
v ∈ T is computed by pulling shortest path distances
from vertices x ∈ T through the reverse topological
order of T ; see rpull (v). This process spends at most
O(m + r) = O(m) time for each vertex u. Thus, this
process spends O(mr) total time to determine λ[v, u]
for all v ∈ V and u ∈ T .

Algorithm 3. Using a Feedback Vertex Set to
Solve All-pairs Efficiently

1. procedure pull (v) {
2. for each w ∈ IN (v) do

d[v] = min(d[v], d[w] + c(w, v));
3. }
4. procedure rpull (v) { // reverse pull
5. for each w ∈ OUT (v) do

d[v] = min(d[v], c(v, w) + d[w]);



6. }
// Start of Algorithm

7. Assume that T is a set of feedback vertices
and T is the acyclic part;

8. Compute the reduced graph P ;
// O(mr) time

9. Solve all-pairs on P such that M [v, u]
denotes the shortest path from any
v ∈ T to any u ∈ T ;
// O(m′r + r2 log r) time

10. Let D[v, u] =∞ for all v ∈ V and u ∈ V ;
// Compute shortest paths to each trigger
// vertex u. (O(mr) time)

11. for each u ∈ T do {
12. Let d[v] act as a reference to array

entries D[v, u];
13. d[u] = 0;
14. for each x ∈ T do d[x] = M [x, u];
15. for each v ∈ T in reverse-topological

order do rpull(v);
16. }

// Finish shortest paths from all
// source vertices v0. (O(mn) time)

17. for each v0 ∈ V do {
18. Let d[v] act as a reference to array

entries D[v0, v];
19. d[v0] = 0;
20. for each v ∈ T in topological order do

pull(v);
21. }

The final stage of Algorithm 3 completes the com-
putation by determining λ[v0, v] for all source ver-
tices v0 ∈ V and all vertices v ∈ T . This is done
by considering each source vertex v0, and pulling dis-
tances λ[v0, u], which were computed for trigger ver-
tices u ∈ T , onto, and through, non-trigger vertices
v ∈ T in topological order; see pull(v). With this
final stage completed, λ[v, u] will have been deter-
mined for all pairs of vertices v ∈ V and u ∈ V .
Hence, by using Algorithm 3, all-pairs is solved on G
in O(mn + m′r + r2 log r) total time.

For a general feedback vertex set, the value of
m′ is bounded by r2, and the time complexity of
the algorithm becomes O(mn + r3). In contrast, a
feedback vertex set arising from the trigger vertices
of the 1-dominator set provides value of m′ that is
bounded by m, giving the algorithm a time complex-
ity of O(mn + r2 log r). This time complexity applies
for both the mono- and bi-directional 1-dominator
set. In the O(mn + r3) case, it is acceptable to solve
the all-pairs problem on P in O(r3) time, which can
be done using Floyd’s algorithm instead of using Di-
jkstra’s algorithm, without affecting the overall time
complexity.

5 Concluding Remarks

This paper has provided a more efficient algorithm for
computing shortest paths on nearly acyclic directed
graphs. In general, all-pairs can be solved in O(mn)
time when a feedback vertex set of size r ≤ 3

√
mn can

be computed in advance. Recent results presented
by Pettie (2004) allow the solving of all-pairs on real-
weighted directed graphs in O(mn+n2 log log n) time
under the comparison-addition model. Applying the
reduced-graph framework in conjunction with this
state-of-the-art result provides a further improved all-
pairs time complexity of O(mn+ r2 log log r) where r
is the number of trigger vertices in the 1-dominator
decomposition of a graph. Finally, some future all-
pairs algorithm may improve the current O(mn + r3)

time bound to O(mn+r2 log r) for a precomputed set
of r feedback vertices.
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