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Abstract
We show the relative completeness of a version of
CTL* over possibly infinite states. It is based on
a fair discrete system, which is with strong and weak
fairness. Validity of a CTL* formula is reduced to the
validity of an assertion by eliminating the temporal
operators and path quantifiers inductively. The idea
is to represent the predicate describing that “a fair
path begins with the current state” in the underlying
assertion language using fixpoint operators.
1

Chiharu Hosono1

Introduction

Temporal logic (Pnueli 1977) has been widely used
for specification and verification of programs or reactive systems (Emerson 1990). There are many variants of temporal logics depending on choices in modeling such as linear time/branching time, propositional/predicate, and so on. Among them, a propositional branching time temporal logic (CTL, computational tree logic) (Clarke & Emerson 1981) has been
successfully applied to model checking because of its
computational efficiency. However, it requires a path
quantifier to prefix only one temporal operator, and
some temporal properties cannot be represented in
CTL.
CTL* (Emerson & Halpern 1986, Clarke, Emerson
& Sistla 1986) is a temporal logic combining CTL and
LTL (linear time temporal logic). This is an expressive system permitting path quantifiers to prefix any
combination of temporal operators. Much study has
been done on the propositional case. As is well known,
the validity of a propositional CTL* formula is decidable. It was shown that any formula of propositional
CTL* can be translated into an equivalent expression
in a first-order logic augmented with transitive closure
(Immerman & Vardi 1997). Moreover, a complete axiomatization of CTL* was given by (Reynolds 2001),
also for the propositional case. We are interested in
the predicate case to verify CTL* properties of reactive systems over possibly infinite states.
A deductive proof system for (predicate) CTL*
has been presented in (Pnueli & Kesten 2002), by
extending a deductive proof system for (predicate)
LTL in (Manna & Pnueli 1991). It is based on a fair
discrete system, which is with strong and weak fairness, over possibly infinite states. Using sophisticated
assertions, they gave a relatively complete deductive
proof system for the verification of CTL* on an underlying assertion language which contains the predicate
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calculus augmented with fixpoint operators and finite
sequences of data. In their proof system, however, it
was necessary to devise intermediate assertions at one
position.
In this paper, we give a proof of the relative completeness of CTL* over possibly infinite states following the approach by (Pnueli & Kesten 2002). They
gave a basic-path rule that reduces the validity of a
CTL* formula into the validity of a simpler formula,
with less temporal operators by one, on an extended
system. In addition to this, we show that the path
quantifiers can be eliminated. The idea is to represent the predicate describing that “a fair path begins
with the current state” in the underlying assertion
language using fixpoint operators. Therefore, the validity of a CTL* formula is reduced to the validity
of an assertion. Our proof proceeds algorithmically
without requiring any intermediate assertion to be
devised.
In the following, we show syntax and semantics in
section 2, and prove relative completeness in section
3. A simple example is given in section 4. Section 5
concludes the paper.
2

Syntax and Semantics

In this section, we review necessary definitions from
(Pnueli & Kesten 2002).
2.1

Computational Model

We take the fair discrete system (FDS) as a computational model. An FDS D : hV, Θ, ρ, J , Ci consists
of the following components.
• V = {u1 , . . . , un }: A finite set of typed state variables over possibly infinite domains. We define
a state s to be a type-consistent interpretation
of V , assigning to each variable u ∈ V a value
s[u] in its domain. We denote by Σ the set of all
states.
• Θ: The initial condition. This is an assertion
characterizing all the initial states.
• ρ: A transition relation. This is an assertion
ρ(V, V 0 ), relating a state s ∈ Σ to its D-successor
s0 ∈ Σ by referring to both unprimed and primed
versions of the state variables.
• J = {J1 , . . . , Jk }: A set of assertions expressing
the justice (weak fairness) requirements.
• C = {hp1 , q1 i, . . . , hpn , qn i}: A set of assertions
expressing the compassion (strong fairness) requirements.
Let σ : s0 , s1 , . . . be a sequence of states, ϕ be an
assertion, and j ≥ 0 be a natural number. We refer

to a state which satisfies p as a p-state. We say that j
is a ϕ-position of σ if sj is a ϕ-state, i.e., ϕ(sj ) holds.
Let D be an FDS. We define a run of D to be a finite
or infinite sequence of states σ : s0 , s1 , . . ., satisfying
the requirement of
• Consecution: For each j = 0, 1, . . ., the state sj+1
is a D-successor of the state sj .
and such that it is either infinite, or terminates at
a state sk which has no D-successors. A run is also
called a path.
We denote by runs(D) the set of all runs of D.
An infinite run of D is called fair if it satisfies the
following:
• Justice: For each J ∈ J , σ contains infinitely
many J-positions.
• Compassion: For each hp, qi ∈ C, if σ contains
infinitely many p-positions, it must also contain
infinitely many q-positions.
We say that a fair run σ : s0 , s1 , . . . is a computation of D if it satisfies
• Initiality: s0 is initial, i.e., s0 |= Θ.

2.3

The Logic CTL*

A CTL* formula is constructed out of assertions (formulas over L) to which we apply the boolean operators, temporal operators and path quantifiers. The
basic temporal operators are (Next), U(Until) and
W (waiting for). Additional temporal operators may
be defined by: 3p = T Up and 2p = ¬3¬p. The
path quantifiers are E, A, Ef and Af .
In the following, we present the syntax and semantics of the logic which is interpreted over the computation tree generated by an FDS.
Let π : s0 , s1 , . . . be a run of D. Then, we write
π[0] to denote s0 , the first state in π and, for j ≥ 0,
we write π[j..] = sj , sj+1 , . . . to denote the suffix of π
obtained by omitting the first j states. If the path π
is finite, we use |π| to denote its length.
There are two types of sub-formulas in CTL*:
state formulas that are interpreted over states, and
path formulas that are interpreted over paths. The
syntax of a CTL* formula is defined inductively as
follows:
State formulas:
• Every assertion in L is a state formula.

2.2

Underlying Assertion Language

We assume an underlying assertion language L, which
contains the predicate calculus, and interpreted symbols for expressing the standard operations and relations over some concrete domains. We require that
one of the domains is that of the integers, or another
domain with similar expressive power, so that we can
encode records (i.e., lists) of data elements, and lists
of records. We are interested in records r of size |V |,
which indicate states, and sequences π of them, which
are finite sequences of states. We use the subscripted
expression π[i] to refer to the i-th element of π. For
instance, a formula
∃π(∀i(0 ≤ i < |π| − 1 → ρ(π[i], π[i + 1]))),
describes that there exists a finite sequence of states
satisfying consecution, and we simply denote it by
∃s0 , . . . , sn (∀i(0 ≤ i < n → ρ(si , si+1 ))),
for readability.
Moreover, as is known, a first-order language is
not adequate to express the assertions necessary for
completeness, and we include in L also the fixpoint
operators µ and ν following (Manna & Pnueli 1991)
and (Pnueli & Kesten 2002). Let Q(u1 , . . . , ur ) be
a predicate symbol of arity r, and Φ(Q, u1 , . . . , ur )
be a formula whose free variables are a subset of
{u1 , . . . , ur }, and that have only positive occurrences
of Q, i.e., occurrences under an even number of negations. Then, the assertion language L contains formulas of the forms µQ : Φ and νQ : Φ for Q and Φ
restricted as above. These are the least and greatest
fixpoints of the fixpoint equation
Q(u1 , . . . , ur ) ≡ Φ(Q, u1 , . . . , ur ),
respectively. These definitions are also written in the
following form. Let Y be a function from 2Σ to 2Σ :
Y = λQ.λs.Φ,
where s is a variable representing a state (i.e., a sequence u1 , . . . , ur ). Then, the least and greatest fixpoints of Y are µQ : Φ and νQ : Φ, respectively. Here,
a predicate (i.e., a function from Σ to {true, false})
is identified with an element of the complete lattice
defined on 2Σ with inclusion as an ordering. The
elements ⊥ and > are φ and Σ , respectively. For instance, Y (Q)(s) means that s ∈ Y (Q). In the following, we use this representation of the fixpoint equations.

• If p is a path formula, then Ep, Ap, Ef p and Af p
are state formulas.
• If p and q are state formulas then so are p ∨ q,
p ∧ q and ¬p.
Path formulas:
• Every state formula is a path formula.
• If p and q are path formulas, then so are p ∨ q,
p ∧ q, ¬p, p, p Uq and pWq.
The formulas of CTL* are all the state formulas generated by the above rules.
The semantics of a CTL* formula p is defined with
respect to an FDS D over the vocabulary of p. The
semantics is defined inductively as follows.
State formulas are interpreted over states in D.
We define the notion of a CTL* formula p holding at
a state s in D, denoted (D, s) |= p, as follows:
• For an assertion p,
(D, s) |= p ⇔ s |= p.
That is, we evaluate p locally, using the interpretation given by s.
• For state formulas p and q,
(D, s) |= p ∨ q ⇔ (D, s) |= p or (D, s) |= q,
(D, s) |= p ∧ q ⇔ (D, s) |= p and (D, s) |= q,
(D, s) |= ¬p
⇔ (D, s) 6|= p.
• For a path formula p,
(D, s) |= Ep ⇔ (D, π) |= p
for some path π ∈ runs(D)
satisfying π[0] = s,
(D, s) |= Ap ⇔ (D, π) |= p
for all paths π ∈ runs(D)
satisfying π[0] = s.
The semantics of Ef p and Af p are defined similar to
Ep and Ap respectively, replacing path (run) by fair
path (fair runs).
Path formulas are interpreted over runs of D. We
define the notion of a CTL* formula p holding at a
run π ∈ runs(D), denoted (D, π) |= p, as follows:

• For a state formula p,
(D, π) |= p ⇔ (D, π[0]) |= p.
• For path formulas p and q (here, |π| may be infinite),
(D, π) |= p ∨ q ⇔ (D, π) |= p or (D, π) |= q,
(D, π) |= p ∧ q ⇔ (D, π) |= p and (D, π) |= q,
(D, π) |= ¬p
⇔ (D, π) 6|= p,
(D, π) |= p ⇔ |π| > 1 and (D, π[1..]) |= p,
(D, π) |= p Uq ⇔
(D, π[k..]) |= q for some k ≥ 0, and
(D, π[i..]) |= p for every i, 0 ≤ i < k,
(D, π) |= pWq ⇔ (D, π) |= p Uq, or
(D, π[i..]) |= p for all i < |π|.
We say that a CTL* formula p holds on D (p is Dvalid), denoted D |= p, if (D, s) |= p, for every initial
state s in D.
Let p and q be CTL* formulas. We introduce the
abbreviation
p⇔q

for

A2((p → q) ∧ (q → p)),

where p → q is the logical implication equivalent to
¬p ∨ q. If D |= p ⇔ q, then, D |= f (p) ⇔ f (q) holds.
Without loss of generality, we assume that a formula is given in positive normal form, which means
that negation is only applied to assertions, namely, to
formulas with no temporal or path operators.
3

Relative Completeness

In this section, we give a proof of the relative completeness of CTL* by eliminating the temporal operators and path quantifiers inductively. In the following,
t represents any tautology.
Lemma Let D be an FDS. There exists an assertion
fpb such that D |= fpb ⇔ Ef t, i.e., fpb describes that
a fair path begins with the current state.
Proof
Let J
=
{J1 , . . . , Jn }, C
=
{ha1 , b1 i, . . . , ham , bm i}, and I be the index set
of C.
For a subset X of I, we define JX and KX as
follows:
JX = J ∪ {aj , bj | j ∈ X},
KX = {aj | j ∈ I − X}.

any n, so that SX (s) holds. Conversely, we assume
SX (s). The right-hand side of the fixpoint equation
implies that in the initial sequence from s = sk0 to
sk1 , no condition in KX is satisfied and every condition in JX is satisfied at least once. Because sk1
satisfies SX , it can be extended to sk2 . Since this
process can be repeated infinitely, s = s0 initiates a
path satisfying the intended property.
Next, the predicate FX that describes there exists
a path from the current state such that, for each c
in JX , it contains infinitely many c-positions, and for
each a in KX , it contains only finite a-positions, can
be defined by the least fixpoint of the following Y :
Y = λP.λs.(SX (s) ∨ ∃t(ρ(s, t) ∧ P (t))).
We show that FX has the intended property. At
first, let s be a state that initiates such a path
π = s0 , s1 , . . ., where s = s0 , and show FX (s). Because every condition in KX is satisfied finitely on this
path and KX is finite, there exists an index k after
which no condition in KX is satisfied. Every condition in JX is satisfied infinitely after sk . Hence sk
satisfies SX , and this means FX (sk ). By taking sk for
t in the right-hand side of the fixpoint equation, we
have FX (sk−1 ). Repeating this process yields FX (s).
Next, we suppose FX (s) and show s initiates an intended path. It suffices to show that if s satisfies
Y n (⊥) then it initiates an intended path. It is shown
by induction on n. If n = 0, it is apparent from
SX (s). If n > 0, it is clear because the difference is
only that an additional sequence precedes it.
Finally, fpb is defined by
_
∀s(fpb(s) ≡
FX (s)).
X⊂I

This fpb satisfies the intended property clearly; one
fair path from the current state corresponds to one
of FX for some X, and if FX (s) holds, the state s
initiates a fair path.
2
Theorem For an FDS D and a CTL* formula ϕ,
we can effectively construct an assertion pD such that
D |= ϕ is equivalent to |= pD .
Proof We show this by induction on the number of
temporal operators and path quantifiers in ϕ. In the
following, q denotes an assertion.
• If there is no temporal operator or path quantifier, then, D |= ϕ is equivalent to |= Θ → ϕ.
• If there exists a temporal operator whose body
is an assertion, then this operator was shown to
be eliminated by the basic-path rule (Pnueli
& Kesten 2002). Details of the rule are in the
Appendix A, and the sketch is as follows: For
this subformula ψ, augment D by introducing
a boolean variable xψ and obtain D0 so that
D |= f (ψ) is equivalent to D0 |= f (xψ ).

At first, the predicate SX that describes there exists a path from the current state such that, for each
c in JX , it contains infinitely many c-positions, and
for each a in KX , it contains no a-position, can be
defined by the greatest fixpoint of the following Y :
Y = λP.λs.∃s0 , . . . , sn (n ≥ 1 ∧ s0 = s∧
∀i(0 ≤ i < n → V
ρ(si , si+1 ))∧
∀i(0
≤
i
<
n
→
a∈KX ¬a(si ))∧
V
∃i(0
≤
i
<
n ∧ c(si )) ∧ P (sn )).
c∈JX
It is shown that the above defined SX has the
intended property as follows. At first, let s be a
state initiating a path with the property, and show
SX (s). Define a sequence k0 , k1 , . . . as follows: k0 = 0;
k1 is the first index where all the conditions in JX
have been satisfied at least once after k0 ; k2 is the
next such index after k1 , etc. Since >(ski+1 ) holds,
Y (>)(ski ) also holds, for any i. Then, by shifting the
index, Y 2 (>)(ski ) holds for any i. Similarly, we have
Y n (>)(ski ) for any i and n. Thus, Y n (>)(s) holds for

• If there exists Aq in ϕ, then we can eliminate this
A, because Aq ⇔ q.
• The case for Eq is similar.
• If there exists Af q, then we can replace it by
fpb → q, because Af q ⇔ fpb → q.
• If there exists Ef q, then we can replace it by
fpb ∧ q, because Ef q ⇔ fpb ∧ q.
2
4

Example

In this section, we show an example and prove a property by reducing a CTL* formula into an assertion
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Figure 1: Transition relation of D.
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Figure 2: Transition relation of D3 .
using the theorem. Let D be an FDS hV, Θ, ρ, J , Ci,
where
V
Θ
ρ
J
C

S∅ is the greatest fixpoint of the following Y :
Y = λP.λs.∃s0 , . . . , sn (n ≥ 1 ∧ s0 = s∧
∀i(0
V ≤ i < n → ρ3 (si , si+1 ))∧
c∈J3 ∃i(0 ≤ i < n ∧ c(si )) ∧ P (sn )).

: {x},
: t,
: (x ≤ 1 ∧ x0 = x) ∨ (x ≥ 2 ∧ x0 = x − 1),
: {x = 0 ∨ x ≥ 2},
: ∅,

Thus,
Y 0 (>) = >,
Y 1 (>) = {h0, 1, 1i} ∪ {hi, 0, 0i|i ≥ 2},
Y 2 (>) = {h0, 1, 1i} ∪ {hi, 0, 0i|i ≥ 3},
..
.

and the domain is the set of natural numbers. Transition relation is illustrated in Fig. 1. For this system,
we prove the property Af 32(x = 0). By applying
BASIC-PATH rule twice, we have the following equivalent steps:
D |= Af 32(x = 0),
A tester for 2(x = 0) with x2 = 2(x = 0)
D|||T2 |= Af 3x2 ,
A tester for 3x2 with x3 = 3x2
D|||T2 |||T3 |= Af x3 ,

and we have
S∅ =

ρ2 : x3 = (x2 ∨ x03 ),
J2 : {¬x3 ∨ x2 }.

(Note that the symbol ||| denotes parallel composition of FDSs and the definition is given in the Appendix A.) Thus, the task of verifying the formula
Af 32(x = 0) over system D is reduced to the verification of the simpler formula Af x over the system
D3 = D|||T2 |||T3 : hV3 , Θ3 , ρ3 , J3 , C3 i, where
V3
Θ3
ρ3
J3
C3

: {x, x2 , x3 },
: t,
: ρ ∧ ρ1 ∧ ρ2 ,
: J ∪ J1 ∪ J2 ,
: ∅.

In the following, we identify a state with a triple
hvx , vx2 , vx3 i, where vx , vx2 , and vx3 are the values
of x, x2 , and x3 , respectively. The transition relation
of system D3 is presented in Fig. 2, where the states
are represented using this notation.
We now use the predicate fpb and reduce the current goal D3 |= Af x3 into |= fpb → x3 . From the
definition, fpb is obtained as follows:
fpb(s) ≡ F∅ (s)
≡ µQ.(S∅ (s) ∨ ∃t(ρ3 (s, t) ∧ Q(t)))(s).

Y i (>) = {h0, 1, 1i}.

i≥0

Hence, fpb is the least fixpoint of the following Y :

where transition relations and justice requirements of
T2 and T3 are:
ρ1 : x2 = (x = 0 ∧ x02 ),
J1 : {x3 ∨ x 6= 0},

\

Y = λP.λs.(s = h0, 1, 1i ∨ ∃t(ρ3 (s, t) ∧ P (t))).
and is clearly fpb ≡ x = 0 ∧ x2 ∧ x3 .
Therefore, |= fpb → x3 is apparently satisfied, and
the target property is shown.
5

Conclusions

In this paper, we showed the relative completeness of
a version of CTL*. In the proof, validity of a CTL*
formula was reduced to the validity of an assertion by
eliminating the temporal operators and path quantifiers inductively. It proceeds algorithmically without
requiring us to devise any intermediate assertion.
We concentrated on reducing CTL* formulas into
assertions, and the resulting assertions can be complicated. The assertions, however, are in some forms,
which could be helpful in proving them. It would be
possible to apply our method to the verification of
CTL* properties over possibly infinite state systems,
which is our future work.
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Appendix A
Elimination of temporal operators is based on basicpath rule (Pnueli & Kesten 2002). Necessary portions are shown here.
Fair discrete systems can be composed in parallel.
Let Di = hVi , Θi , ρi , Ji , Ci i, i ∈ {1, 2}, be two fair
discrete systems. We define the synchronous parallel
composition of two FDSs to be
D = hV, Θ, ρ, J , Ci =
hV1 , Θ1 , ρ1 , J1 , C1 i|||hV2 , Θ2 , ρ2 , J2 , C2 i,
where
V = V1 ∪ V2 , Θ = Θ1 ∧ Θ2 , ρ = ρ1 ∧ ρ2 ,
J = J1 ∪ J2 , C = C1 ∪ C2 .
Temporal operators are eliminated successively
from the formula ϕ until it becomes an assertional
basic CTL* formula. Elimination is based on the construction of temporal testers, as follows.
We define a temporal tester for each of the three
temporal operators , U and W. For an assertion
p, we denote by Vp the set of variables occurring in
p. For the basic path formula p, we construct the
tester T p as follows:
V
Θ
ρ
J =C

: Vp ∪ {x },
: t,
: x = p0 ,
: ∅.

For the basic path formula p Uq, we construct the
tester Tp U q as follows:
V
Θ
ρ
J
C

: Vp ∪ Vq ∪ {xU },
: t,
: xU = (q ∨ p ∧ x0U ),
: {¬xU ∨ q},
: ∅.

For the basic path formula pWq, we construct the
tester TpWq as follows:
V
Θ
ρ
J
C

: Vp ∪ Vq ∪ {xW },
: t,
: xW = (q ∨ p ∧ x0W ),
: {xW ∨ (¬p ∧ ¬q))},
: ∅.

Let f (ϕ) be an arbitrary CTL* formula containing
one or more occurrences of the basic path formula
ϕ. Following is the rule basic-path which reduces
the proof of f (ϕ), where xϕ is a boolean variable,
and f (xϕ ) is obtained from f (ϕ) by replacing every
occurrence of ϕ by xϕ .
basic-path
For a CTL* formula f (ϕ),
a basic path formula ϕ,
and an FDS D,
D|||Tϕ |= f (xϕ )
D |= f (ϕ)

