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Abstract

Recently it has been shown that for k-means, Har-
tigan’s method has better optimization performance
than the prevalent Lloyd’s method. Hartigan’s
method is a general idea of optimization heuristic.
When considering moving a point to another cluster,
it measures the exact change to the objective func-
tion. In this paper we develop a Hartigan’s method
for another important clustering objective: k-modes,
which is popularly used for categorical data. The pro-
posed algorithm is as efficient as the Lloyd’s method
on k-modes. Moreover, we rigorously prove that Har-
tigan’s method can further improve some local optima
achieved by Lloyd’s method. Empirical evaluation
verifies this conclusion. Furthermore, when these two
methods are used independently, Hartigan’s method
also achieves better optimization performance.

Keywords: Cluster Analysis, K-modes, Lloyd’s
method, Hartigan’s method

1 Introduction

Partitioning relocation clustering (Kaufman 2009,
Everitt 2011) is an important and popular scheme
for cluster analysis, typical example being k-means
(Steinley 2006). K-modes (Huang 1998, Chaturvedi
2001) is a similar method as k-means, which is used
specifically for categorical data. It defines the clus-
ter center to be the ”mode” of the attribute values
of all records/objects in the cluster. The goal is also
to minimize the sum of distances from objects to the
respective modes. Like k-means, k-modes has a clear
clustering objective, and it’s efficient to achieve local
optima. Since it was proposed, there has been a lot
of related research, and has appeared in commercial
products (Daylight 2010).

The optimization methods for k-means and k-
modes are the same: iteratively assign objects to the
nearest center (mean/mode), and update the centers.
This method is called Lloyd’s method (Lloyd 1982,
MacQueen 1967). For k-means, there is actually a less
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well known method called Hartigan’s method (Harti-
gan 1975, 1979). It proceeds one point at a time. For
each point, move it to another cluster if the k-means
objective is improved. Iteratively scan the data set
until no more points can be moved. For Euclidean
distance, there is a closed-form expression for decid-
ing whether or not a move is profitable, so that Har-
tigan’s method is as efficient as Lloyd’s method.

Recently it has been shown that for k-means,
Hartigan’s method achieves better optimization per-
formance than Lloyd’s method (Telgarsky 2010).
Specifically, the data partitions reached by Harti-
gan’s method are tighter than the Voronoi partitions
reached by Lloyd’s method. They also discussed the
characteristics of situations where Hartigan’s method
can improve on the final partitions of Lloyd’s method.
Empirical results support the above statements.

Lately another piece of research (Slonim 2013) fur-
ther advocates the advantages of Hartigan’s method
over Lloyd’s method for k-means. It developed a
closed-form expression for any Bregman divergence,
which Euclidean distance is an example of. Moreover,
some types of problems are provided where Lloyd’s
method can not make any improvements while Har-
tigan’s method can correctly converge.

In this paper, we focus on a similar issue concern-
ing the quality of optimization algorithms, while we
change the subject to k-modes. First note that Harti-
gan’s method is a general idea of optimization heuris-
tic. Unlike k-means, there is no previous research
about how to use this idea on k-modes. The first part
of our work develops an instantiation of Hartigan’s
method on k-modes, which has never been done to the
best of our knowledge. The computational complex-
ity of the proposed application of Hartigan’s method
on k-modes is as good as Lloyd’s method on k-modes.

Secondly, we rigorously prove that when Lloyd’s
method gets stuck at a local optimum, sometimes
it can be further optimized by Hartigan’s method.
Specifically, we characterize the kind of situations
when the improvement is possible, and when it ap-
pears more often. We also prove that it’s strictly not
possible for Lloyd’s method to improve upon Harti-
gan’s method.

In the empirical evaluations, both synthetic and
real-world data verify the above conclusion. More-
over, an interesting discovery is that Hartigan’s
method also outperforms Lloyd’s method when the
two methods are used independently. Finally, experi-
ments also show that Hartigan’s method requires less
computations than Lloyd’s method when the number
of clusters and the number of features are large.
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2 Hartigan’s Method For K-modes

2.1 K-modes and Lloyd’s Method

First we briefly present the original k-modes. Suppose
we have a data set including N objects Xi, i = [1, N ].
The number of features/attributes is D, and we want
K clusters: Ck, k = [1,K]. The objective function of
k-modes is:

F =
K∑

k=1

∑
Xi∈Ck

d(Xi,Mk) (1)

In the objective, Mk is the mode of cluster Ck,
d(X,Y ) refers to the distance measure between two
categorical objects. In k-modes, it’s the simple
matching distance (let xj be the jth feature of X):

d(X,Y ) =
D∑

j=1

d(xj , yj), d(xj , yj) =

{
0; if xj = yj
1; otherwise

(2)
The mode takes the most frequent value for each at-
tribute, in order to reach minima. For example, if red
is the most dominant value for the Color attribute,
the mode takes red for this attribute.

Lloyd’s method for k-modes is just like that of k-
means: iteratively assign objects to the nearest mode,
and update the modes. When no objects are reas-
signed, the algorithm converges to a local optimum.

2.2 Hartigan’s Method

In this section, we propose Hartigan’s method for
k-modes, and show its efficiency. While Hartigan’s
method was used for k-means (Hartigan 1975, Tel-
garsky 2010), it has never been used in the past for
k-modes.

Hartigan’s method is a greedy heuristic for opti-
mizing clustering objectives. Single data point is re-
located to another cluster, if this move improves the
objective (in our scenario, the value of the objective
function decreases). Proceed until no points can be
relocated, and the algorithm reaches to a local opti-
mum.

To formalize: suppose an object t is under consid-
eration. t is originally in cluster P . Moving t to an-
other cluster Q has the following consequences: clus-
ter P lost an object, the value of objective function
for P also changes into FP−t; cluster Q added an ob-
ject, the objective becomes FQ+t. If this relocation
improves the total objective, then:

FP−t + FQ+t < FP + FQ (3)

Rewritten as

∆F = (FP−t − FP ) + (FQ+t − FQ) < 0 (4)

Like in the work(Xiang 2013), we call this transfer
test. For one object, there can be multiple destination
clusters that satisfy the transfer test. Usually, picking
the cluster that maximizes ∆F gives better overall
performance (Tarsitano 2003).

Now we propose a technique to efficiently opti-
mize the objective of k-modes with the basic idea
of Hartigan’s method. At the first sight, computing
the transfer test requires computing values of the ob-
jective function, which is computationally expensive
(O(N2)). However, it can be carried out quite effi-
ciently by computing only the changes: FP−t − FP ,
FQ+t − FQ.

Table 1: A Particular Frequency Table

Attributes f1 f2
Attribute Values a b x y z
Frequency 7 3 4 4 2

Table 2: Computation of the Transfer Test

Departure Value FP−t − FP

Not-Mode -1
Is-Mode: 0

Is-Mode and Exists-Duplicated-Mode -1

Arrival Value FQ+t − FQ

Is-Mode 0
Not-Mode 1

Not-Mode and Is-Duplicated-Mode 0

For every cluster we need to keep a frequency table
to record the frequencies of all attribute values. The
table is stored in memory , and every entry should
be accessed in O(1). For example, say a cluster has
10 objects, with 2 features f1 and f2, then the table
might be like the one shown in Table 1. Note that
the mode is (a, x) or (a, y).

Because the objective is summed over different at-
tributes independently, we only need to know how to
compute the transfer test at a single attribute. First
look at the change at the original cluster: FP−t−FP .

One possibility is that the value of object t is dif-
ferent from the value of mode. Say it’s the value b in
attribute f1. The departure of t wouldn’t change the
mode, because the mode value is still the most fre-
quent one. FP−t, which is the sum of distances from
the remaining objects to the mode, decreases by 1,
because we lost one object.

The value of t can also be the same as the mode
value. For example, the value a in attribute f1, and x
in attribute f2. This can be further divided into two
cases. One case is: if a departs, the mode doesn’t
change. Meanwhile, the objective value stays the
same, because the departed object had a distance of
0.

The other case is when duplicated mode exists.
In f2, y is a duplicated mode for x. If x departs,
the mode becomes y. The change is computed as
follows: before the departure, the mode is x, and F =∑

d(y, x) = 4; after the departure, the mode is y,
F =

∑
d(x, y) = 3. So the result is objective value

decreases by 1. Note that we don’t need to check
other objects who are neither x nor y, because their
distances to the mode remain to be 1.

A similar analysis can be made for the arriving
cluster Q, which we do not provide in detail. The
results are summarized in Table 2.

In the above analysis, the changes of modes (or
sometimes no change) have also been discussed. Af-
ter each transfer, the modes need to be updated ac-
cordingly. This is a trivial task that can be done in
O(D).

By referring to Table 2, the transfer test can be
computed in O(D). Thus the algorithm has a com-
plexity that is linear to the number of objects, which
is a desired quality for partitioning clustering meth-
ods. The whole algorithm is as follows:
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1. Initialize a partition (for example, a random one)
of the data set.

2. Scan every object of the data set. If there is an
object that satisfies the transfer test (computed
by referring to Table 2), relocate it to the cluster
that has the most decrease of the objective func-
tion, i.e. the one with the biggest ∆F . Update
the modes and the frequency tables of the two
involving clusters.

3. Repeat Step 2 until no objects are relocated in a
full cycle scan of the whole data set.

3 Advantages of Hartigan’s Method

In k-means, the prevalent optimization method is
called Lloyd’s method, which is also used by k-modes.
Recently it has been shown that Hartigan’s method
is superior than Lloyd’s method on k-means, in that
better optima are discovered (Telgarsky 2010). In
this section, we rigorously prove a similar result on
k-modes.

Lloyd’s method and Hartigan’s method are two
different heuristics that would end up with different
optima. One question is, can the result of Lloyd’s
method be further improved by Hartigan’s method?
That is to say, if we use the result of Lloyd’s method
as the initial partition for Hartigan’s method, are
there any relocations that can be made? Or in
the opposite direction, can the result of Hartigan’s
method be further improved by Lloyd’s method?

Theorem 1. Any optimum achieved by Harti-
gan’s method, can not be further improved by
Lloyd’s method.

Proof. Suppose there is an object t that should be
relocated according to Lloyd’s method, from cluster
P to cluster Q. Without losing generality, we assume
there is only one attribute. Let the attribute value of
t also be t, the modes of cluster P and Q be mP , mQ.

According to Lloyd’s method, d(t,mP ) >
d(t,mQ). To satisfy this, there is only one possible
combination: d(t,mP ) = 1, and d(t,mQ) = 0.

Refer to Table 2. d(t,mP ) = 1 corresponds
to a Not-Mode departure, with a change of −1.
d(t,mQ) = 0 corresponds to a Is-Mode arrival, with
a change of 0. So the transfer test is satisfied, which
means it’s not a final result of Hartigan’s method.
The contradiction proves the theorem.

Theorem 2. For some optima achieved by
Lloyd’s method, they can be further improved by
Hartigan’s method. In other words, Hartigan’s
method can escape certain local optima which trap
Lloyd’s method.

Proof. To simplify, we also look at the case when
there is only one attribute. In order to satisfy the
transfer test, the change of departure has to be -1,
and the change of arrival has to be 0. From Table
2, both departure and arrival have two cases being -1
and 0 respectively, thus four combinations:

1. Not-mode -> Is-mode: (d (t,mP ) = 1) >
(d (t,mQ) = 0).

2. Not-mode -> Not-mode and Is-Duplicated-
Mode: (d (t,mP ) = 1) = (d (t,mQ) = 1).

3. Is-mode and Exists-Duplicated-Mode -> Is-
mode: (d (t,mP ) = 0) = (d (t,mQ) = 0).

4. Is-mode and Exists-Duplicated-Mode -> Not-
mode and Is-Duplicated-Mode: (d (t,mP ) = 0) <
(d (t,mQ) = 1).

We can see that for the first combination, the
Lloyd’s method will do the relocation. For the
other three combinations, the Lloyd’s method will
do nothing and converges, while Hartigan’s method
will make the transfer. So if Lloyd’s method ends
up with a partition which satisfies any one of the
three combinations, Hartigan’s method can proceed,
further improving the objective function.

Now let’s see the implications from the two theorems.
Firstly, how often is Hartigan’s method helpful when
it’s used after Lloyd’s method converges? Sometimes
it’s more likely for Lloyd’s method to end up in
either one of three cases listed above, thus it’s more
often that local optima found by Lloyd’s method
are improvable by Hartigan’s method. What are
the characteristics of such situations? One common
characteristic of the three cases in the proof is that
there are duplicated modes in clusters. Duplicated
modes often appears in smaller clusters: say we have
two attribute values a and b, it’s a bigger probability
for a cluster of 10 objects ending up splitting a
and b (5 objects each) , than for a cluster of 1000
objects to make the split. So for a fixed data set, the
more clusters we want to find, the more helpful is
Hartigan’s method. Also as the number of features
rises, it’s more likely there are duplicated modes on
at least one of the features, thus Hartigan’s method
is more helpful for high dimensional data.

Secondly, after a single run of each of the two
algorithms, Hartigan’s method is not always better
than Lloyd’s method, even if they start with the same
initial partition. This is because they take different
greedy choices along the way, and usually end up in
different parts of the optimization spaces.

Thirdly, although there seems to have no rigorous
way to compare the performances of the two methods
used independently, Hartigan’s method should per-
form better on average under certain assumptions.
Suppose we first run Lloyd’s method and have a re-
sulting partition Π1. Then we run Hartigan’s method,
and somewhere in the process, it reaches the same
partition Π1. Then the final result, say Π2, is defi-
nitely better than Π1. This is the case when Harti-
gan’s method outperforms Lloyd’s method in a single
run. If we make the assumption that in other cases,
the two methods are head to head at the quality of
local optima, then altogether Hartigan’s method is
better. This is validated in empirical evaluations.

4 Empirical Results

In this section, our goal is to show that Har-
tigan’s method does outperform Lloyd’s method.
Specifically, applying Hartigan’s method after Lloyd’s
method can show improvement of the objective; us-
ing two methods independently, Hartigan’s method
also achieves better averaged performance. With re-
spect to computational cost, empirical results show
that when the numbers of attributes and clusters
grow, Hartigan’s method requires less iterations than
Lloyd’s method.

When initializing the two methods, generally we
can use either random partition or random seeds.
Random partition is to assign all objects to random
clusters; random seeds is to select K objects to be
the initial modes, and assign the remaining objects
to nearest modes. In our experiments, we found that
the two initialization methods lead to similar perfor-
mance comparisons of Hartigan’s method and Lloyd’s
method. Thus we report only part of the results: for
synthetic data, we report results from random parti-
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Table 3: Improvement of using Hartigan’s method
after Lloyd’s method: synthetic data sets

Times Max Mean Std
K=2 52 41 23.87 23.49
K=4 124 67 23.96 30.34
K=6 208 79 21.62 32.2
K=8 362 102 20.57 33.69
K=10 514 77 21.03 31.97

Times Max Mean Std
D=10 42 72 25.57 29.07
D=15 124 67 23.96 30.34
D=20 196 108 26.17 34.88
D=25 254 130 27.15 39.95
D=30 364 132 30.88 44.55

tion; for real-world data, we report results from ran-
dom seeds. Also note that all the data are recorded
by running algorithms for 1000 times.

4.1 Using Hartigan’s method After Lloyd’s
Method

Here, we run Lloyd’s method first, then on the result-
ing partition, we run Hartigan’s method. Sometimes
Hartigan’s method can not proceed, but when it does
proceed, the optima can be further improved.

First look at the results on synthetic data (cate-
gorical values are uniformly distributed) in Table 3.
We vary the number of clusters K, and the number
of features D, set the invariant parameters to be 1000
objects, 15 features and 4 clusters. On the columns,
”Times” refers to the number of times (in 1000 runs)
when Hartigan’s method can proceed on the final re-
sults of Lloyd’s method; ”Max” and ”Mean” refers to
the maximum and average improvement of the objec-
tive function; ”Std” refers to the standard deviation
of the local optima achieved by Lloyd’s method.

As we can see, the number of times when Harti-
gan’s method is helpful increases when K and D in-
creases, until it’s quite significant (almost half of the
times when K=10). This is consistent with our anal-
ysis after Theorem 2. Furthermore, from the compar-
ison of maximum improvement, average improvement
and the standard deviation, we can see that the im-
provements are quite significant, as they are compa-
rable with the standard deviation.

For the real-world data, we picked three commonly
used categorical data sets from UCI machine learn-
ing repository (Bache 2013): mushroom, soybean and
congressional voting records. Except for the soybean
data, which has only 35 records, we varied the num-
ber of clusters. The results are in Table 4. A similar
trend from the synthetic data is found: as K increases,
more often Hartigan’s method further improves upon
Lloyd’s method. Although the average improvement
is less significant than synthetic data (possibly due to
attribute value distributions far from uniform), the
maximum improvement is still quite large when com-
paring to the standard deviation.

4.2 Hartigan’s Method and Lloyd’s Method
Independently

Here we run Hartigan’s method and Lloyd’s method
independently and compare their performances.
From the analysis after Theorem 2, we argue that gen-
erally Hartigan’s method should outperform Lloyd’s

Table 4: Improvement of using Hartigan’s method
after Lloyd’s method: real-world data sets

data K Times Max Mean Std

Mushroom

2 12 1270 137.25 1745.71
4 315 2827 40.79 2657.93
6 541 1415 78.11 1894.09
8 628 6048 124.61 1625.3

Soybean 4 459 69 10.07 21.78

Congress

2 32 3 3.00 92.01
4 119 110 13.45 37.75
6 168 136 16.33 36.68
8 321 104 14.49 36.33
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Figure 1: Normalized cost of two methods varying the
number of clusters

method, because of the part played by Theorem 2.
This is verified by our results here.

Figure 1 and 2 are results from synthetic data sets.
Again the numbers of clusters and features are varied.
The costs (value of objective function) are normalized
by the best optima found by Hartigan’s method. So
only the minima of Lloyd’s method are pictured. We
can see that in all cases, Hartigan’s method found
better minimum optima, and better average optima.
From the range of the error bars (standard deviation),
we can conclude that the advantage is quite signifi-
cant. Also the advantage grows as K or D increases.
In some extreme cases, e.g, 7 clusters in Figure 1, even
the minimum optimum by Lloyd’s method is worse
than the averaged optima by Hartigan’s method.

In Table 5 for real-world data, we also listed the
normalized costs of the two methods, their respec-
tive normalized standard deviations (Std), and the
advantage of Hartigan’s method over Lloyd’s method
measured by percentage (Per.). Like the results in
Section 4.1, the advantage of Hartigan’s method is
less significant comparing to synthetic data, but it’s
there and it’s more significant when K increases (see
the decrease of advantage percentage).

4.3 Computational Cost

As we have shown, the Hartigan’s method we devel-
oped for k-modes has the same time complexity with
Lloyd’s method for k-modes. However, the number of
iterations required until converge is still a factor we
are not sure about. Note that the equivalent notion
of one iteration for Hartigan’s method is one scan of
the data set. Here we test the number of iterations
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Figure 2: Normalized cost of two methods varying the
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Table 5: Comparison of two methods independently
used: real-world data sets

Data k Lloyd Std Hartigan Std Per.

Mush.

2 1.023 0.028 1.021 0.026 0.998
4 1.054 0.055 1.050 0.053 0.996
6 1.058 0.049 1.055 0.047 0.997
8 1.072 0.044 1.067 0.038 0.995

Soy. 4 1.123 0.117 1.074 0.082 0.956

Con.

2 1.004 0.039 1.001 0.001 0.998
4 1.060 0.026 1.058 0.024 0.997
6 1.077 0.028 1.070 0.029 0.993
8 1.088 0.030 1.079 0.030 0.992
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Figure 3: Iterations required by two methods varying
the number of clusters
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Figure 4: Iterations required by two methods varying
the number of features

for the two methods on the same synthetic data sets
from above, by varying the number of clusters and
the number of features, respectively. The unvaried
parameters are 4 clusters and 15 features.

From Figure 3 and Figure 4, we can see that Har-
tigan’s method begins to run less iterations when the
number of clusters and features become larger. The
crossovers are at 11 clusters and 22 features. The two
numbers are relatively small, so we can say that gen-
erally Hartigan’s method requires less computational
cost.

As of why the number of iterations have this trend,
a reasonable explanation is: as the number of clusters
and features grow, Hartigan’s method allows more
relocations to happen in the early iterations. Since
more work is done early on, less overall iterations are
needed for Hartigan’s method.

5 Final Remarks

To summarize, we developed an efficient Harti-
gan’s method for k-modes, and proved that Harti-
gan’s method can further improve the objective af-
ter Lloyd’s method converges. Empirical results sup-
ported the conclusions. Independently used, Harti-
gan’s method also achieves better optimization per-
formance. Overall Hartigan’s method is a better op-
timization method for k-modes.
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Our result is consistent with the k-means litera-
ture (Telgarsky 2010, Slonim 2013), that Hartigan’s
method has better overall performance over Lloyd’s
method. The reason of this consistency is, although
k-means and k-modes are two different objective func-
tions, their Hartigan’s methods have the same basic
idea. The idea is to relocate objects according to the
exact change of objective function. This works bet-
ter for optimization than the more heuristic Lloyd’s
method.

For k-means (Telgarsky 2010, Slonim 2013), on-
line k-means was also discussed as another opti-
mization method, which has indistinguishable perfor-
mance comparing with Lloyd’s method. The Online
method is slightly different in that it consider one
point a time and update centers immediately after a
relocation. For k-modes, our experiments also show
close performances of the two methods, making it a
trivial point that we didn’t include.
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