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Abstract

This paper shows that the optimization problem aris-
ing from the guarding game played between the cop
and robber players on an undirected graph can be
approximated within a factor of Θ(log n) when the
robber region is a tree.
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1 Introduction

The guarding game is a combinatorial game played
by two players, the robber player and the cop player,
on a graph G = (V, E) in which the vertex set V
is partitioned into the robber region R and the cop
region C. The robber player has a single pawn, a
robber, while the cop player may use several pawns,
cops. The players alternate their turns, starting with
the robber player in which she places the robber on
some vertex in R, followed by the cop player in which
she places all of her cops on vertices in C. Throughout
the game playing each player can see every corner of G
so she knows on which vertex every pawn is currently
located. Each player is allowed to move any number
of her pawns in her turn, each of them from vertex
v it currently sits to one of v’s neighboring vertices
in G. The robber, however, cannot move to a vertex
occupied by a cop as the robber would be caught by
a cop by doing so. On the other hand, any cop is
not allowed to enter the robber region R. The goal of
the robber player is that the robber eventually moves
into the cop region C whereas that of the cop player
is to prevent it. A state of the game is given by the
positions of all the pawns in G. Each player moves
her pawn(s) according to some strategy, which is a
function mapping each state, i.e., (current) positions
of all the pawns in G, to (next) positions of her own
pawn(s) to which they can move from the given state.
A robber (cop) strategy is winning if, when the robber
(cop, resp.) player plays according to it, she wins
against all the possible cop (robber, resp.) strategies.
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The guarding problem, introduced in (Fomin et al.
2008), is the problem of computing the minimum
number of cops required to protect the cop region
C against all the possible robber strategies. More
formally, it is to compute the minimum number of
cops, given G = (V, E) and bipartition (R, C) of V ,
such that there exists a winning strategy of the cop
player when the guarding game is played on G and
(R, C) with that number of cops. Fomin et al. showed
in (Fomin et al. 2008) that

• When R induces a path in G, the guarding prob-
lem can be solved in polynomial time by reduc-
tion to the min cost flow problem.

• When R induces a cycle in G, the guarding game
can be approximated in polynomial time within
a factor of 2.

• When R induces a tree in G, the guarding prob-
lem is NP-hard, the decision version is in NP, and
the parameterized version is W [2]-hard. More-
over, the set cover problem can be reduced to the
guarding problem with R being a tree in approxi-
mation preserving manner, implying that the ap-
proximation ratio guaranteed in polynomial time
is Ω(log n) for the latter problem unless NP ⊆
DTIME(npoly log n) (Lund et al. 1994).

• When G is a directed graph and R is a directed
acyclic graph, the guarding problem is PSPACE-
complete.

Following the work listed above, it was shown
in (Thirumala Reddy et al. 2009) that

• When R induces an arbitrary graph, the deci-
sion version of the guarding problem is PSPACE-
hard.

• When R induces a wheel graph the decision ver-
sion is NP-hard.

• When R induces a star graph, a clique, and
a wheel graph, the guarding problem can be
approximated within factors of H(|R|), 2H(|R|)
and H(|R|) + 3/2, respectively, where H(k) =
1 + 1/2 + · · · + 1/k.

It was Nagamochi (Nagamochi 2011) who came up
with an affirmative answer to the question of poly-
nomial solvability, left open in (Fomin et al. 2008),
when R induces a cycle.

In this paper we consider the case when R induces
an arbitrary tree, and show that the guarding prob-
lem can be approximated, in such a case, within a
factor of H(|R|). Thus, this shows that the same
approximation bound of H(|R|) obtained in (Thiru-
mala Reddy et al. 2009) for the case of R being a star
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graph can be extended to the case of an arbitrary tree.
Moreover, when our result is combined with the hard-
ness results of (Lund et al. 1994) and (Fomin et al.
2008), the polynomial time approximation guarantee
for the case of an arbitrary tree becomes Θ(log n).

2 Point Strategies and Direct Strategies

In this section the approach shown in Fomin et al.
(2008) for the case when the robber region is a path
will be extended to the case when it is a tree.

A cop strategy is called a point strategy if the
next moves of cops are determined solely by the ver-
tex (point) where the robber currently is, and not on
where the cops are. Let Xi be the multiset of ver-
tices of C on which the cops are placed, according
to some point strategy, when the robber is located
at vertex ri for i ∈ {1, · · · , n1}, where n1 = |R|.
(Xi is a multiset as more than one cop can sit on
a vertex). Then, this point cop strategy can be fully
specified by these Xi’s. Conversely, let Xi be a mul-
tiset of vertices of C for i ∈ {1, · · · , n1} such that (1)
∥Xi∥ = ∥Xj∥ for any i, j ∈ {1, · · · , n1} (where ∥X∥
denotes the total counts of elements in X), and (2)
the cops, if positioned at Xi, can change their posi-
tions to Xj in one step whenever (ri, rj) is an edge
in G[R]. Then, a point cop strategy can be realized
by placing the cops at Xi in response to the robber’s
move to ri ∈ R, ∀i ∈ {1, · · · , n1}. For these rea-
sons, any point strategy will be often denoted by a
sequence, ⟨Xi | i = 1, · · · , n1⟩, of Xi’s satisfying the
two conditions above.

Let us assume from now on that the robber region
is a tree T . A robber strategy is called direct if the
robber-player places her robber at the root of T , and
then keeps moving it in one-way direction towards a
leaf of T while entering the cop region C whenever
possible (thus, the robber visits vertices in T by get-
ting there directly without detour).

Consider any cop strategy that can guard the cop
region C against any direct robber strategy. Let Xi
be the multiset of vertices of C on which the cops are
placed when the robber moves to vertex ri following
some direct strategy. For any vertex ri in T there
exists a direct strategy that tries to move the robber
to ri, and as the robber cannot enter the protected
region C (so it cannot go anywhere else but within
T ), the robber actually gets there. Moreover, it makes
identical moves before arriving at ri under any of such
direct strategies, and hence, Xi is well-defined as well
as uniquely determined by ri.

Suppose ri is a parent of rj in T . Then, a team of
cops positioned at Xi can move to the new position
Xj in one turn. But then, it is also possible for the
team to move backward, from Xj to Xi in one turn,
as the graph is undirected. Thus, such Xi’s give rise
to the point cop strategy ⟨Xi | i = 1, · · · , n1⟩.

Lemma 1. The minimum number of cops required by
a point winning strategy to protect the cop region C
is no larger than that of cops required by any winning
strategy to protect C.

Proof. As shown above, any cop strategy that can
protect C at least against all the direct strategies im-
plies the existence of a point strategy that can protect
C against all the robber strategies and that can do so
with the same number of cops. Therefore, if any cop
strategy uses the number of cops less than the min-
imum number of cops required by a point winning
strategy, such a strategy cannot protect even against
all the direct strategies.

In light of this lemma, approximation of the mini-
mum cop strategy can be reduced to that of the min-
imum point cop strategy, and the latter is the one we
do next.

3 Reduction to Set Cover

We use an auxiliary graph A as in Fomin et al. (2008).
Let each of C1, C2, · · · , Cn1 be a copy of C, each of
Ci corresponding to vertex ri in T . For each ver-
tex ck ∈ C, Ci has its copy ci

k in it. The vertices
in Ci are connected to those in Cj iff (ri, rj) is an
edge in T (thus, each Ci is an independent set in A),
and between such Ci and Cj , ci

k ∈ Ci and cj
l ∈ Cj

are connected by an edge iff either k = l or (ck, cl)
is an edge in G[C]. So, Ci and Cj are connected,
if (ri, rj) is an edge in T , by an edge set Eij =
{(ci

k, cj
l ) | either k = l or (ck, cl) is an edge in G[C]}.

The auxiliary graph A is now specified by vertex set∪
ri∈V (T ) Ci and edge set

∪
(ri,rj)∈E(T ) Eij .

Let ⟨Xi | i = 1, · · · , n1⟩ be a point cop strategy.
Recall that each Xi is a multiset of vertices of C, and
from now on, we set Xi to the corresponding multi-
set of vertices of Ci for each i ∈ {1, · · · , n1}. Recall
again that, when (ri, rj) is an edge in T , all the cops
positioned at Xi can get in one step to positions Xj

(and vice versa), that is, there is a matching within
Eij between vertices of Xi and Xj . Pick any cop to
be used in ⟨Xi | i = 1, · · · , n1⟩. It is straightforward
to observe that 1) the cop occupies some unique ver-
tex within each Ci, and 2) for each edge (ri, rj) of T
the vertex occupied by the cop in Ci and the one in
Cj are connected by an edge in A. Therefore, those
vertices occupied by a single cop induce a tree in A
having exactly one vertex in each Ci, and thus, any
point cop strategy induces a collection of such trees
in A, where the number of trees is that of cops used
in the strategy. Let us call such a tree in A proper,
i.e., the one having exactly one vertex in Ci for all
i ∈ {1, · · · , n1}. The other direction is also easy to
observe; any collection of k proper trees in A spec-
ifies a point cop strategy using k cops, where each
proper tree specifies the move of a single cop entirely
corresponding to the robber’s move on T .

Now that the equivalence between a point cop
strategy and a collection of proper trees is established,
let us consider next the property to be satisfied by a
point strategy so that it becomes winning, and the
corresponding property to be satisfied by a collection
of proper trees. Let Γi denote the set of all the ver-
tices in C adjacent to ri in T . Whenever the robber
moves to ri in T in any robber player’s turn, unless
all the vertices in Γi become occupied by cops in the
following turn of the cop player, the robber can en-
ter C in the next turn, and thus the cop player loses.
Conversely, if the cop player can immediately posi-
tion cops at all the vertices in Γi whenever the robber
moves to ri for any ri ∈ T , then the cop player never
loses, which is a win for her. Therefore, a point cop
strategy ⟨Xi | i = 1, · · · , n1⟩ is winning iff Γi ⊆ Xi
for all ri ∈ T , and this corresponds to the condition
for a collection of proper trees in A such that ev-
ery vertex in Γi ⊆ Ci is contained in at least one of
the proper trees. The guarding problem thus can be
reduced to the problem of computing the minimum
collection of proper trees in A, given A and Γi ⊆ Ci

for each i ∈ {1, · · · , n1}, such that every vertex in∪
i∈{1,··· ,n1} Γi is contained in at least one of proper
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trees in the collection. Since this is the problem of
“covering” all the vertices in

∪
i∈{1,··· ,n1} Γi by the

smallest number of proper trees in A, it can be con-
sidered to be the set cover problem:
Lemma 2. The guarding problem can be reduced to
the set cover problem in which the family of all the
proper trees in A (or their vertex sets to be more
precise) is the family of subsets, and the vertices in∪

i∈{1,··· ,n1} Γi are those elements to be covered by
subsets.

(Note: there is no need to cover any vertex not in
any of Γi’s, and although the standard set cover does
not include such elements not needed to be covered,
we may simply ignore the existence of such elements).

4 Greedy Approximation

It is well known that the best performance guarantee
in approximating the set cover problem is attained
by the greedy algorithm, in which the subset contain-
ing the largest number of uncovered elements in it is
repeatedly found and chosen into the solution, until
all the elements become covered. The approximation
ratio guaranteed by the greedy algorithm is H(smax),
where smax is the size of the largest subset in a given
instance (Johnson 1974, Lovasz 1975).

To run the greedy algorithm on A and Γi ⊆ Ci

for each i ∈ {1, · · · , n1}, one needs to find a proper
tree containing the maximum number of vertices,
not yet covered by already chosen proper trees, in∪

i∈{1,··· ,n1} Γi. Notice that one cannot go over all
the proper trees existing in A to find such a proper
tree simply because there are too many of them. It is
possible though to efficiently compute the best proper
tree by a rather simple algorithm, which we will de-
scribe below.

Fix any vertex in T , say r1, as its root, and order
the vertices in Ci’s accordingly. That is, if ri is the
parent of rj in T , ci

k ∈ Ci is the parent of cj
l ∈ Cj

when (ci
k, cj

l ) ∈ Eij . The descendant/ascendant re-
lation is also defined accordingly. Let us color all
the vertices in

∪
i∈{1,··· ,n1} Γi red, and all the others

white.
1. For each vertex ci

k in A we compute the max-
imum number, denoted si

k, of red vertices that
can be covered by a proper subtree rooted at
ci
k and the subtree itself, denoted T i

k, contain-
ing that many red vertices. Suppose that the
computation of all sj

l ’s and all T j
l ’s is completed

within Cj for each child rj of ri (Initially, ri is
such a vertex only if it is a leaf in T ). Then, we
set

si
k =

∑
j:rj is a child of ri in T

max{sj
l | (k, l) ∈ Eij}+δ

for each ci
k in Ci, where δ = 1 if ci

k is red and
δ = 0 otherwise. At the same time T i

k is com-
posed by connecting, via ci

k, all of T j
l ’s with the

corresponding sj
l ’s each attaining the maximum

value in the summation.

2. Eventually, si
k’s and T i

k’s will be computed for all
ci
k’s in A, the last ones being for those vertices in

C1. Then, T 1
k with s1

k being the largest among
all the s1 values in C1 is a proper tree containing
the maximum number of red vertices.

3. Choose T 1
k into our solution, and before going for

the next search, recolor all the red vertices in T 1
k

to white.

4. Repeat all the above as long as there remains a
red vertex in A.

The correctness of this algorithm can be easily veri-
fied by the mathematical induction on the number of
vertices in T .

To find one proper tree containing the maxi-
mum number of red vertices (i.e., those still uncov-
ered in

∪
i∈{1,··· ,n1} Γi), besides initializing si

k = 0
and T i

k = NULL for all the “leaves” Ci’s and all
ci
k’s in Ci, the algorithm traverses every edge in A

exactly once in the computation of si
k’s and T i

k’s.
Hence, it takes O(|R|(|C| + |E(G[C])|)) to find such
a tree, where O(|R||C|) time for initialization and
O(

∑
(ri,rj)∈E(T ) |Eij |) = O(|R|(|C| + |E(G[C])|)) for

the others. As there exist at most |R||C| red vertices
to be covered at the outset, the overall running time of
the greedy algorithm is O(|R|2|C|(|C| + |E(G[C])|)).

In each iteration the algorithm above chooses a
proper tree containing the maximum number of red
vertices, and as any proper tree cannot contain more
than |R| red vertices in it, we have

Theorem 3. The guarding problem can be approxi-
mated, by the greedy algorithm presented above, with
approximation ratio of H(|R|) ≤ log |R| + 1 when R
induces a tree.

When this theorem is combined with reduction of
the set cover problem to the guarding problem with
tree R (Fomin et al. 2008) and the lower bound for
set cover approximation (Lund et al. 1994), we have

Corollary 4. When R induces a tree the approx-
imation ratio that can be guaranteed in polynomial
time for the guarding problem is Θ(log n) unless NP
⊆ DTIME(npoly log n).
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