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Abstract

Skyline evaluation techniques (also known as Pareto
preference queries) follow a common paradigm that
eliminates data elements by finding other elements in
a data set that dominate them. Nowadays already a
variety of sophisticated skyline evaluation techniques
are known, hence skylines are considered a well re-
searched area. On the other hand, the skyline op-
erator does not stand alone in database queries. In
particular, the skyline operator may commute with
the selection operator which may express hard con-
straints on the skyline. In this paper, we address
skyline queries that satisfy some hard constraints, so-
called constrained skyline queries. We will present
novel optimization techniques for such queries, which
allow more efficient computation. For this, we pro-
pose semi-skylines which can be used effectively for
algebraic optimizations of skyline queries having a
mixture of hard constraints and soft preference con-
ditions. All our efficiency claims are supported by a
series of performance benchmarks.

Keywords: Constrained skyline queries, Skyline opti-
mization, Semi-Skylines, Preference

1 Introduction

The skyline operator has emerged as an important
and very popular summarization technique for multi-
dimensional data sets. The skyline, or Pareto oper-
ator selects those objects from the database that are
not dominated by any others. An object dominates
another object, if it is as good or better in all dimen-
sions and better in at least one dimension. Therefore,
skyline queries have shifted retrieval models from ex-
act matching of attribute values to the notion of best
matching database objects.

But skyline queries may return too many objects if
the dimensionality of the data space is large, or, the
dimensions are anti-correlated. Therefore, one may
put constraints on some dimensions (or attributes of
a database relation) to express hard restrictions, i.e.,
one defines a skyline query that satisfy some hard con-
straints. These hard constraints could be expressed
by the selection operator in a database query. There
exists two different types of such queries in the lit-
erature: constrained skyline queries (Hafenrichter &
Kießling 2005, Papadias et al. 2005, Dellis et al. 2006)
and skyline queries with constraints (Zhang & Alhajj
2010). Given a set of hard constraints, a constrained
skyline query returns the most interesting objects in
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the data space defined by these constraints. In con-
trary, skyline queries with constraints return the ob-
jects from the skyline restricted by the constraints. In
general the result of skyline queries with constraints
is different from the result reported by constrained
skyline queries. Thus, an object in the former result
is not necessarily a object in the latter.

Constrained skyline queries often occur in real
world applications, e.g. in a diet planning ser-
vice. The United States Department of Agriculture
(USDA, http://www.nal.usda.gov/fnic/) published a
food database which contains nutritional facts for
more than 7000 types of food. A user may be in-
terested in finding meals that satisfy nutritional re-
quirements such as a restriction on the number of
calories (Cal), the amount of vitamin C (Vc), and the
amount of total lipid fat (Fat). However, in the con-
text of a diet, each user has preferences concerning its
meal. Such a constrained preference query is shown
in Figure 1, using the PreferenceSQL language from
Kießling and Köstler (2002).

SELECT *
FROM Soup S, Meat M, Beverage B
WHERE S.Cal + M.Cal + B.Cal ≤ 1100

AND S.Vc + M.Vc + B.Vc ≥ 38
AND S.Fat + M.Fat + B.Fat ≤ 9

PREFERRING
S.Name IN (’Chicken ’, ’Noodle ’) AND
M.Name IN (’Beef’) AND
B.Vc HIGHEST

Figure 1: Sample Preference SQL query

In our running example a user expresses his or her
preferences after the keyword PREFERRING. It is a
Pareto preference (AND in the PREFERRING-clause1)
consisting of preferences on soups, meat, and bever-
ages. The keyword IN denotes a preference for mem-
bers of a given set, a POS-preference. Hence, the
user prefers Chicken and Noodle soups over all oth-
ers. Furthermore, the user wants Beef and a drink
with a maximum of vitamin C (B.Vc HIGHEST). The
preferences are evaluated after the selection opera-
tor as stated by constrained skyline queries, follow-
ing the operational semantics of skyline queries from
Börzsönyi et al. (2001) and Hafenrichter & Kießling
(2005), where the skyline operator is logically applied
after the selection operation and joins, respectively.

The result of a preference query consists of best
matches only (BMO-set, (Kießling 2002)). Skyline
queries are a special case of this BMO approach: Ba-
sically, they only allow HIGHEST (MAX) and LOW-
EST (MIN) preference constructors to participate in

1Note that AND in the WHERE-clause means Boolean conjunction,
whereas AND in the PREFERRING-clause denotes Pareto preference
construction, i.e., all preferences are equally important.



a Pareto preference (Kießling 2002). Therefore all re-
sults of this paper apply to skyline queries as well.

The optimization of constrained skyline queries as
given in Figure 1 is essential to support fast result
computation (Börzsönyi et al. 2001, Papadias et al.
2005, Hafenrichter & Kießling 2005, Zhang & Alhajj
2010). However, the optimization of such queries is
far from being a trivial task. The query in Figure 1
contains hard constraints referring several relations
and user preferences on some attributes. Conven-
tional approaches implement such queries by a set
of binary join operators and evaluate the hard con-
straints. Afterwards the user preferences as soft selec-
tion combined with the Pareto operator are evaluated
by a skyline algorithm to retrieve the best matching
objects. This can be seen in Figure 2.
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Figure 2: Unoptimized operator tree.

In this operator tree σ[P ] denotes Pareto, or skyline,
evaluation and 1H the join with the hard constraints
from the query in Figure 1. The query evaluation pro-
cess must evaluate the cartesian product of all tuples
of all relations (about 120·106 combinations using the
USDA database), which leads to high memory and
computation costs, particularly for large relations.

It would be attractive to apply the skyline opera-
tor before the selection operator, or the join, because
the skyline operator reduces the size of the interme-
diate results. Therefore, a skyline operator before
a join makes the join cheaper. Also, non-reductive
joins tend to increase the size of intermediate results,
so that the skyline operator itself becomes cheaper
if it is pushed through the join. Furthermore, push-
ing the skyline operator through a join might make
it possible to use an index to compute the skyline, as
described by Börzsönyi et al. (2001).

In this paper we present semi-skylines which al-
low an algebraic optimization of constrained skyline
queries. Semi-skylines eliminate tuples from relations
which definitely can never be in the result set before
building the costly join. This reduces the relation
sizes and therefore the computation costs and needed
memory for the join.

The remainder of this paper is organized as fol-
lows: In Section 2 we discuss some related work. Sec-
tion 3 contains the formal background used in this pa-
per and defines semi-skylines. Based on semi-skylines
we will develop relational query transformation laws
and show the benefit for constrained skyline query op-
timization in Section 4. Afterwards, we introduce the
Staircase algorithm for an efficient evaluation of semi-
skylines in Section 5. We conduct an extensive per-
formance evaluation on real and synthetic data sets in
Section 6. Section 7 contains our concluding remarks.

2 Related Work

The evaluation of Pareto preference queries and find-
ing the skyline was brought in a database context
with the skyline operator by Börzsönyi et al. (2001).
Since then, a lot of algorithms have been developed
in this context. Index based algorithms are designed
for flat query structures and have a high maintenance

overhead associated with database updates, e.g. Koss-
mann et al. (2002), or Papadias et al. (2005). Nested-
loop algorithms are the generic way of computing a
skyline, e.g. Godfrey et al. (2005). Despite lower per-
formance compared to index algorithms, they are ca-
pable of processing arbitrary data without any prepa-
rations necessary. Recently, algorithms have been
developed exploiting the structure of the lattice im-
posed by the skyline operator on the data space to
identify the skyline, but they keep this lattice struc-
ture in main memory and are only applicable on low-
cardinality domains, see the works of Preisinger and
Kießling (2007), and Morse et al. (2007).

Although, the evaluation of skyline queries is a well
researched area, constrained skyline queries have not
been intensively researched in the last years. There
exists some algorithms for constrained skyline com-
putation, e.g. BBS by Papadias et al. (2005), STA
introduced by Dellis et al. (2006), or a modification
of SaLSa by Sun et al. (2008). But all of them
check the hard constraints ’inside’ their algorithms,
i.e., they are modified join operators. All these al-
gorithms have the disadvantage that in the case of
a cartesian product, or a join, still all tuple combi-
nations have to be computed before the skyline join
can be applied. Also, Raghavan and Rundensteiner
(2010) consider such queries. They present a progres-
sive algorithm by translating a tuple-level process-
ing into a job-sequencing problem. Jin et al. (2007
and 2010) integrate different join methods into sky-
line computation. (Jin et al. 2007) covers the skyline
operator on joins and aggregates. In (Jin et al. 2010)
only equijoins are considered. Nevertheless, no tuple
reduction can be done before the join is evaluated.
Cui et al. (2008) propose the PaDSkyline algorithm
in distributed environments. However, PaDSkyline
does not address algebraic optimization issues, which
are the main contribution of Semi-Skylines.

There are many publications on traditional
database query optimization involving joins, but none
of them deal with skylines, e.g. (Agarwal et al. 1998,
Guha et al. 2003, Liu et al. 2005, Nestorov et al. 2007).

3 Semi-Skylines

Skyline queries, in particular preference queries and
their integration into databases have been in focus
for some time, leading to diverse approaches, e.g.
(Kießling 2002, Chomicki 2003). We shortly review
the preference model from Kießling (2002). After-
wards we define the Semi-Pareto preference which is
the key idea of this paper.

3.1 Preference Background

A preference P = (A,<P ), where A is a set of at-
tributes, is a strict partial order on the domain of
A. The term x <P y is interpreted as “I like y
more than x”. Two tuples x and y are indifferent,
if ¬(x <P y) ∧ ¬(y <P x). The skyline of a pref-
erence P = (A,<P ) on an input relation R are all
tuples that are not dominated w.r.t. the preference.
It is computed by the preference selection operator
σ[P ](R) (called winnow by Chomicki (2003) , BMO -
set by Kießling (2002)):

σ[P ](R) := {t ∈ R | ¬∃t′ ∈ R : t <P t′}

It finds all best matching tuples t for the preference
P with A ⊆ attr(R), where attr(R) denotes all at-
tributes of a relation R.

Preferences on single attributes are called base
preferences. There are base preference constructors
for continuous and for discrete domains. The discrete



POS-preference POS(A, POS-set) for example states
that the user has a set of preferred values, the POS-
set, in the domain of A. The sample query in Figure
1 shows two POS preferences with POS-sets for Soup
and Meat. For example, Chicken and Noodle soups
are preferred to all other soups.

Continuous numerical domains need a different
type of preferences. For this purpose Kießling (2005)
defined many numerical preference constructors, e.g.,
HIGHEST, LOWEST, ANTICHAIN. The extremal
preferences HIGHEST and LOWEST allow users to
express easily their desire for values as high or as
low as possible. ANTICHAIN considers each tuple
as equally good. Formally:

� P:=HIGHEST(A): A tuple x is worse than a tuple
y if the value of x is lower than y:

x <P y ⇐⇒ x < y

� P:=LOWEST(A): A tuple x is worse than a tuple
y if the value of x is higher than y:

x <P y ⇐⇒ x > y

� P:=ANTICHAIN(A): All values are considered as
equally good, i.e., <P= ∅.

The query in Figure 1 shows a HIGHEST prefer-
ence for the amount of Vc in the Beverage products.

There is the need to combine several base prefer-
ences into more complex preferences. One way is to
list a number of preferences that are all equally im-
portant to the user. This is the concept of Pareto
preferences.

Definition 1. Pareto Preference (Kießling 2002)
For preferences P1 = (A1, <P1

) and P2 = (A2, <P2
),

a Pareto preference P := P1 ⊗P2 = (A1 ×A2, <P ) is
defined as:

(x1, x2) <P (y1, y2) ⇐⇒

(x1 <P1
y1 ∧ (x2 <P2

y2 ∨ x2 = y2)) ∨

(x2 <P2
y2 ∧ (x1 <P1

y1 ∨ x1 = y1)

A generalization to more than two preferences is
straightforward.

If we restrict the attention to LOWEST (MIN),
HIGHEST (MAX) and ANTICHAIN (DIFF) as in-
put preferences for a Pareto preference P , then Pareto
preference queries coincide with the traditional sky-
line queries.

An important subclass of preferences are weak or-
der preferences (WOP, (Kießling 2005)), i.e., strict
partial orders for which negative transitivity holds:
¬(x <P y) ∧ ¬(y <P z) ⇒ ¬(x <P z) for a prefer-
ence P . For a WOP P = (A,<P ) the dominance test
can be efficiently done by a numerical utility function
fP which depends on the type of preference. Domi-
nated tuples have higher function values.

f : dom(A)→ R
+
0

x <P y ⇐⇒ fP (x) > fP (y)

For WOPs two domain values x and y having the
same function value are considered as substitutable
and are treated as one equivalence class (regular SV-
semantics, cp. (Kießling 2005)).

The utility function has to be defined individu-
ally for every type of base preference. For numeri-
cal base preferences the utility function is interpreted
as the numerical distance from a perfect value, e.g.,
fLOWEST (A)(x) := x −min, where min is the mini-
mum value of the domain of A (Kießling 2005).

3.2 Semi-Pareto Preference

The Semi-Pareto preference is the key to our rela-
tional algebraic transformation laws for constrained
skyline queries. Firstly introduced as Cutoff prefer-
ence by Endres & Kießling (2008), our Semi-Pareto
preference provides an optimization technique for
preference queries in combination with the selection
operator. Since this workshop paper was a first ap-
proach, and only covers the fundamentals of con-
strained skyline optimization, we now complete the
theoretical background for our optimization tech-
niques which we introduce in Section 4.

Comparing the definition of Semi-Pareto to
Pareto, it is evident that Semi-Pareto is “the half of
a Pareto preference”.

Definition 2. Semi-Pareto Preference
Let P1 = (A1, <P1

), P2 = (A2, <P2
) be preferences.

a) Left-Semi-Pareto: P1 <⊗P2 = (A1 ×A2, <P1<⊗P2
)

(x1, x2) <P1<⊗P2
(y1, y2) ⇐⇒

x1 <P1
y1 ∧ (x2 <P2

y2 ∨ x2 = y2)

b) Right-Semi-Pareto: P1⊗>P2 = (A1×A2, <P1⊗>P2
)

(x1, x2) <P1⊗>P2
(y1, y2) ⇐⇒

x2 <P2
y2 ∧ (x1 <P1

y1 ∨ x1 = y1)

The proof that Semi-Pareto is a preference, i.e., it
is irreflexive and transitive, can be done straightfor-
ward, cp. the extended version of this paper (Endres
& Kießling 2010). We now define Semi-Skylines.

Definition 3. Semi-Skyline
The Semi-Skyline of a Semi-Pareto preference P
(P:=P1 <⊗P2 or P := P1⊗>P2) on an input relation
R are all tuples that are not dominated w.r.t. P .

Example 1. Consider two preferences on Table 1:

• P1 = POS(B.Name, ′Red Wine′)

• P2 = HIGHEST (V c)

B ID Name Cal Vc Fat

B1 Red Wine 85 1 0
B2 Red Wine 181 14 0
B3 Coke 220 21 2
B4 Lemonade 281 17 2
B5 Red Wine 400 4 0

Table 1: A sample data set for Beverages B.

Then we have the following semi-skylines:

• σ[P1 <⊗P2](B) = {B1, B2, B3, B4, B5}

No tuple is dominated due to P1 <⊗P2. All Red
Wines are indifferent concerning P1, and there-
fore cannot be worse than another tuple. B3 and
B4 are worse than the others concerning P1, but
have a higher value for Vc, and therefore are not
dominated.

• σ[P1⊗>P2](B) = {B2, B3}

B2 dominates all other Red Wines because it has
the highest amount of Vc, and concerning P1 they
are substitutable. B4 is dominated by B3 (sub-
stitutable in the kind of drink, but worse in the
amount of Vc), but B2 does not dominate B3
(Red Wine is better than Coke, but Coke has a
higher value for Vc).



We conclude the following lemma:

Lemma 1. Semi-Pareto is not a WOP.

To show that Semi-Pareto is not a WOP we give
a counterexample.

Example 2. Consider the sample data set from Table
1 holding a relation on beverages.

Given two preferences P1 = LOWEST (Cal) and
P2 = LOWEST (Fat) and P = P1⊗>P2 .

Then ’B1’ is indifferent to ’B5’, since none of
them is better than the other concerning P . Further-
more, ’B5’ is indifferent to ’B3’. It has more calories,
but is better in the amount of fat. But ’B1’ is better
than ’B3’, because B1’ has less calories and less fat
than ’B3’. Hence, negative transitivity does not hold.

Note that Semi-Pareto in contrast to Pareto is nei-
ther commutative nor associative. However, the fol-
lowing laws hold:

Corollary 1. Algebraic Laws for Semi-Pareto

a) P1 <⊗P2 = P2⊗>P1

b) (P1 <⊗P2)<⊗P3 = P1 <⊗(P2 ⊗ P3)

Proof. The proof is straightforward and can be done
by applying Boolean algebraic transformations.

4 Constrained Skyline Optimization

In this section we study constrained Skyline queries
and their algebraic optimization. However, we
present a more general approach for arbitrary pref-
erences.

4.1 Formal Background

Given a preference P = (A,<P ) on a database
schema R with A ⊆ attr(R), and a Boolean condi-
tion H , i.e., a hard constraint. Then, using preference
selection from Section 3, we define a constrained pref-
erence (skyline) query as σ[P ](σH(R)). Under some
conditions, preference selection σ[P ] and hard selec-
tion σH are commutative, cp. Chomicki (2003) and
Hafenrichter & Kießling (2005).

Theorem 1. Push Preference over Hard Selection
For a preference P = (A,<P ) with A ⊆ attr(R) and
a hard constraint H the following holds:

σ[P ](σH(R)) = σH(σ[P ](R)) ⇐⇒

∀w ∈ R : H(w) ∧ ∃v ∈ R : w <P v → H(v)

If a tuple w is dominated by a tuple v, and w ful-
fills the hard constraint, then v has to fulfill the hard
constraint, too. This guarantees the reduction of a
tuple w only if for each dominating tuple v the con-
dition H(v) is fulfilled. Hence, a commutation due to
Theorem 1 is possible.

Example 3. Consider P := HIGHEST (V c) and
the sample data set of Beverages in Table 1.

We put a hard constraint H := V c ≥ 15 on the
preference, i.e., σ[P ](σV c≥15(B)). A commutation of
the preference and the hard selection is possible, be-
cause tuples which fulfill the hard constraint also fulfill
the preference.

Therefore, σ[P ](σV c≥15(B)) = σV c≥15(σ[P ](B)),
both leading to the result ’B3’.

4.2 Algebraic Optimizations

In this section we look at a database relation R =
(A1, ..., Al, B1, ..., Bk) where the Bi’s are numerical
attributes. We consider a hard constraint H on R as
follows:

H := h(b1, ..., bk) Θ c, Θ ∈ {≤, <,>,≥,=, 6=}

where h : dom(B1)×...×dom(Bk)→ R is a monotone
function, bi ∈ dom(Bi), and c ∈ R a constant. An
instance of such a query is our running example, see
Figure 1.

Applying Theorem 1 in the presence of hard con-
straints like H is a non-trivial task. In the following
we introduce a novel algebraic optimization idea that
achieves to satisfy the complex conditions required for
Theorem 1 to hold. The key idea is to syntactically
derive an induced preference from the given query,
which then can be used as a prefilter preference.

Definition 4. Prefilter Preference
A preference Q = (A,<Q) is a prefilter preference for
a preference P = (A,<P ) w.r.t. a relation R iff

σ[P ](R) = σ[P ](σ[Q](R))

Definition 5. Induced Preference
Given a database relation R, and a hard constraint H

as above. Then we define a preference
←−
HBi

induced
by Bi as:

←−
HBi

:=

{
LOWEST (Bi) if Θ ∈ {<,≤}
HIGHEST (Bi) if Θ ∈ {>,≥}
ANTICHAIN(Bi) if Θ ∈ {=, 6=}

For all induced preferences
←−
HBi

, i = 1, . . . , k we de-

fine the overall induced preference
←−
H as

←−
H :=

←−
HB1

⊗ . . .⊗
←−
HBk

Example 4. Consider the following query

σS.Cal+M.Cal+B.Cal≤1100(S ×M ×B)

where H is the sum of the calories. Since Θ is “≤”
our induced preferences are

•
←−
HS.Cal := LOWEST (S.Cal)

•
←−
HM.Cal := LOWEST (M.Cal)

•
←−
HB.Cal := LOWEST (B.Cal)

The overall induced preference is

←−
H =

←−
HS.Cal ⊗

←−
HM.Cal ⊗

←−
HB.Cal

Using these definitions, our Semi-Pareto prefer-
ence can be pushed over the hard selection operator.

Theorem 2. Push Semi-Pareto over Hard Selection
Given an arbitrary preference P and a hard constraint
H on a relation R. Then

σ[P <⊗
←−
H ](σH(R)) = σH(σ[P <⊗

←−
H ](R))

where
←−
H is an induced preference from Definition 5.

Proof. Consider a relation R and tuples t and t′. As-
sume 2

t <
P<⊗
←−
H

t′ ∧ H(t)
Def.<⊗
⇐⇒

t <P t′ ∧ (t <←−
H

t′ ∨ t =←−
H

t′) ∧ H(t)

2If two tuples have equal values concerning the attributes of a
preference P we write t =P t′.



Since t fulfills the hard constraint H and is worse or
as good as t′ concerning the induced preference, it
follows that t′ fulfills the hard constraint, too, i.e.,
H(t′) is valid. Therefore we can apply Theorem 1
and push the preference over the hard constraint.

If P is an induced preference, i.e., LOWEST,
HIGHEST or ANTICHAIN we can simplify Theorem
2 as follows:

Corollary 2. Consider a preference query where
←−
H

is an induced preference, then:

σ[
←−
H ](σH(R)) = σH(σ[

←−
H ](R))

Semi-Pareto can be used as a prefilter preference
to eliminate tuples from the underlying relation which
are definitely no candidates for the skyline. Particu-
larly, this is a crucial step in queries involving joins
as we will see later.

Theorem 3. Prefilter Preference and Hard Selection
Consider a preference query σ[P ](σH(R)) with a hard

constraint H on a relation R. Then P <⊗
←−
H is a pre-

filter preference for P , i.e.,

σ[P ](σH(R)) = σ[P ](σ[P <⊗
←−
H ](σH(R)))

Proof. We prove “⊆” and “⊇”.

“⊆”: Let t ∈ σ[P ](σH (R)), i.e. ¬∃t′ ∈ σH(R) : t <P t′.

Assume, t 6∈ σ[P ](σ[P <⊗
←−
H ](σH(R))). Then ei-

ther

∃t′ ∈ σH(R) : t <
P<⊗
←−
H

t′

=⇒ t <P t′ =⇒ t 6∈ σ[P ](σH(R))

or

∃t′ ∈ σ[P <⊗
←−
H ](σH(R)) : t <P t′

=⇒ ∃t′ ∈ σH(R) : t <P t′

A contradiction to t ∈ σ[P ](σH(R))

“⊇”: Let t ∈ σ[P ](σ[P <⊗
←−
H ](σH(R))).

Assume, t 6∈ σ[P ](σH(R)), i.e.,

∃t′ ∈ σH(R) : t <P t′

But then, t′ must be dominated w.r.t. P <⊗
←−
H

since t ∈ σ[P ](σ[P <⊗
←−
H ](σH(R))), i.e.,

∃t′′ ∈ σH(R) : t′ <
P<⊗
←−
H

t′′ i.e.,

∃t′′ ∈ σH(R) : t′ <P t′′ ∧
(t′ <←−

H
t′′ ∨ t′ =←−

H
t′′)

In sum, we have t′ <P t′′ and t <P t′. By tran-
sitivity it follows t <P t′′, hence a contradiction

to t 6∈ σ[P ](σ[P <⊗
←−
H ](σH(R))).

Now we can push Semi-Pareto over the hard con-
straint.

Corollary 3. Insert and Push Semi-Pareto over H

σ[P ](σH(R)) = σ[P ](σH(σ[P <⊗
←−
H ](R)))

Proof. By Theorem 2 and Theorem 3.

Of course, our results are not restricted to a single
input relation. They are also valid for cartesian prod-
ucts having a hard constraint concerning attributes of
all participating relations.

Corollary 4. Push Semi-Pareto over Cart. Prod.
Let P1 = (A1, <P1

), P2 = (A2, <P2
) be two prefer-

ences, and H := h(b1, b2) a hard constraint, A1, B1 ⊆
attr(R) and A2, B2 ⊆ attr(S), b1 ∈ dom(B1), and
b2 ∈ dom(B2). Then:

a) σ[P1](σH(R× S)) =

σ[P1](σH(σ[P1 <⊗
←−
HB1

](R)× S))

b) σ[P1 ⊗ P2](σH(R× S)) =

σ[P1⊗P2](σH(σ[P1<⊗
←−
HB1

](R)×σ[P2<⊗
←−
HB2

](S)))

Proof. This is a consequence of Corollary 3 and law
L2 from Hafenrichter & Kießling (2005), “Push Pref-
erence Over Cartesian Product”.

This theorem allows us to push the Semi-Pareto
prefilter preference over a hard constraint as pre-
sented in the next example.

Example 5. Revisit the preference query from Figure
1 with preferences

• P1 = POS(S.Name, {′Chicken′,′Noodle′})

• P2 = POS(M.Name,′Beef ′)

• P3 = HIGHEST (B.V c)

combined to a Pareto preference P = P1 ⊗ P2 ⊗ P3.
Furthermore, consider the single hard constraint on
the sum of calories (Cal) that must be less or equal to
1100 kcal, H = S.Cal+M.Cal+B.Cal ≤ 1100. The
induced preferences are the same as in Example 4.
Using Corollary 4b) we can insert the prefilter pref-
erences and push them over the hard constraint down
to the relations, cp. Figure 3.

σ[P1 ⊗ P2 ⊗ P3]

σH

×

oooooooo

UUUUUUUUU

×

qq
qqq

q

MMMMMM σ[P3 <⊗
←−
HB.Cal]

σ[P1 <⊗
←−
HS.Cal] σ[P2 <⊗

←−
HM.Cal] B

S M

Figure 3: Push Semi-Pareto over Cart. Prod.

The insertion of our Semi-Pareto prefilter prefer-
ences lead to an elimination of tuples from the rela-
tions before building the cartesian products and hence
reduces memory and computation costs.

In the case of a hard constraint in combination
with Theta-joins (or Equi-joins) like R 1R.X=S.X S
for X ⊆ attrR ∩ attrS we have to ensure that we do
not eliminate join partners, i.e., for each tuple in the
first relation there must exist a join partner in the
second relation. To get rid of this problem we have
to evaluate the Semi-Pareto preference as a grouped
preference selection. Therefore, Semi-Pareto is only
evaluated for tuples in the same equivalence class, i.e.,
grouped by X .

Corollary 5. Push Semi-Pareto over Join
Let P = (A,<P ) be a preference and H := h(b1, b2)
a hard constraint on two relations R and S. Further-
more A,B1 ⊆ attr(R) and B2 ⊆ attr(S), as well as
X ⊆ attr(R)∩attr(S), b1 ∈ dom(B1), b2 ∈ dom(B2),
and Θ ∈ {<,≤, >,≥,=, 6=}. Then

σ[P ](σH(R 1R.XΘS.X S)) = σ[P ](σH(

σ[(P <⊗
←−
HB1

) groupby X ](R) 1R.XΘS.X (S)))



Proof. This is a consequence from Corollary 3 and
Hafenrichter and Kießling (2005), law L6, which dis-
cusses “Push Preference Over Join”.

Until now, we have only considered one hard
constraint H in combination with preference selec-
tion. However, in database queries multiple hard con-
straints composed by the SQL keywords AND (con-
junction) or OR (disjunction) are often involved in the
selection conditions. The next theorem will introduce
a prefilter preference for such queries. For disjunc-
tive constraints like H := H1 Θ1 c1 OR H2 Θ2 c2,
Θi ∈ {<,≤, <,≥,=, 6=}, the condition σH(R) could
be regarded as the union of two operators σH1Θ1c1(R)
and σH2Θ2c2(R). Therefore, we only consider con-
junctive constraints.

Corollary 6. Consider a preference query
σ[P ](σH(R)) with k conjunctive hard constraints
H := H1 ∧ · · · ∧Hk on a relation R. Then:

σ[P ](σH1∧···∧Hk
(R)) =

σ[P ](σH1∧···∧Hk
(σ[P <⊗(

←−
H1 ⊗ . . .⊗

←−
Hk)](R)))

Proof. Relational algebra leads to

σ[P ](σH1∧···∧Hk
(R)) = σ[P ](σH1

(. . . (σHk
(R)) . . . )

By Corollary 3 we know

σ[P ](σH1∧···∧Hk
(R)) =

σ[P ](σH1
(σ[P <⊗

←−
H1](σH2

(. . . (σHk
(R)) . . . ))))

for the single hard constraint H1. Now by further

applying Corollary 3 on σ[P <⊗
←−
H1](σH2

(. . . )) we get

σ[P ](σH1∧···∧Hk
(R)) = σ[P ](σH1

(σH2
(. . . (σHk

(

σ[(. . . ((P <⊗
←−
H1)<⊗

←−
H2)<⊗ . . . <⊗

←−
Hk)]

︸ ︷︷ ︸

=σ[P <⊗ (
←−
H1⊗...⊗

←−
Hk)] by Corollary 1

(R))) . . . )))

Note that the intermediate preferences σ[P <⊗
←−
Hi]

can be removed because they are only prefilter pref-
erences and need not to be evaluated.

Example 6. Consider the skyline query from Figure
1, and Example 5 with our preference P := P1⊗P2⊗
P3. Now, for all three hard sum constraints on ’Cal’,
’Vc’ and ’Fat’ we have H := H1 ∧H2 ∧H3 for

• H1 := S.Cal +M.Cal +B.Cal ≤ 1100

• H2 := S.V c+M.V c+B.V c ≥ 38

• H3 := S.Fat+M.Fat+B.Fat ≤ 9

The overall induced preferences are
←−
HS := LOWEST (S.Cal)⊗HIGHEST (S.V c)⊗

LOWEST (S.Fat)
←−−
HM := LOWEST (M.Cal)⊗HIGHEST (M.V c)⊗

LOWEST (M.Fat)
←−
HB := LOWEST (B.Cal)⊗HIGHEST (B.V c)⊗

LOWEST (B.Fat)

Applying Corollary 6 leads to:

σ[P ](σH(S ×M ×B)) = σ[P ](σH(

σ[(P1 ⊗ P2 ⊗ P3)<⊗(
←−
HS ⊗

←−
HM ⊗

←−
HB)](S ×M ×B)

This is equal to

σ[P ](σH(S ×M ×B)) = σ[P ](σH(σ[P1 <⊗
←−
HS)](S)×

σ[P2 <⊗
←−
HM )](M)× σ[P3 <⊗

←−
HB)](B)

5 Efficient Evaluation of Semi-Skylines

Many algorithms have been developed for skyline
evaluation, cp. Section 2. Since the concept of semi-
skylines is totally new, no specialized algorithm for
its computation exists. Therefore, only BNL with a
worst-case complexity of O(n2) remains to evaluate
semi-skylines. Thus, the question for an efficient al-
gorithm arises. We introduce the Staircase algorithm
for the evaluation of semi-skylines with guaranteed
worst case complexity of O(n logn). Staircase is a
variant of the BNL algorithm, but the candidate win-
dow will be a Skiplist (Pugh 1990).

5.1 The Staircase Algorithm

For simplicity we restrict the attention to weak or-
der preferences P1 and P2 as input for Semi-Pareto.
Then we can define Left-Semi-Pareto from Definition
2 (analogously Right-Semi-Pareto) by utility func-
tions:

(x1, x2) <P1<⊗P2
(y1, y2) ⇐⇒

fP1
(x1) > fP1

(y1) ∧ fP2
(x2) ≥ fP2

(y2)

A tuple x := (x1, x2) is worse than a tuple y :=
(y1, y2), iff the utility function value is worse in the
first component, i.e., fP1

(x1) > fP1
(y1) and worse

or equal in the second one, i.e., fP2
(x2) ≥ fP2

(y2).
Since we map tuples (x1, x2) with the same func-
tion values to equivalence classes represented by
(fP1(x1), fP2

(x2)), we can state directly dominance
using these equivalence classes. For a graphical inter-
pretation have a look at Figure 4a. All equivalence
classes in the pruning region PR, i.e., below and right
of the equivalence class [y] = (2, 2) are worse than
y, because their fP1

value is greater to 2 and worse
or equal than 2 in the second preference P2. Note
that the equivalence classes on the dashed line are
not dominated. Therefore, a tuple belonging to the
equivalence class (2, 2) dominates all tuples belonging
to an equivalence class lying in PR. This dominance
test is only possible if the underlying preferences are
WOPs. Comparing a new tuple x = (x1, x2) with
equivalence class [x] = (fP1(x1), fP2

(x2)) leads to the
following possibilities:

a) If [x] falls into the pruning region PR (Figure 4a)
we directly can state dominance using the equiv-
alence classes. For example consider [x] = (3, 3).
Since 3 > 2 and 3 ≥ 2 the equivalence class [x] is
worse then [y], thus the tuple x is dominated. If an
equivalence class falls directly on the dashed line
it is not dominated, since tuples in such a class are
not worse concerning the first preference.

b) If an equivalence class is left below of [y] it is not
dominated, but extends our staircase, cp. Figure
4b. Equally if an equivalence class is right above
[y] (or on the dashed line) our staircase will be ex-
tended. For example, [y′] = (1, 3) and [y′′] = (3, 0)
extends our staircase and therefore the pruning re-
gion PR. Inserting these equivalence classes all tu-
ples lying in an equivalence class of the gray area
are dominated, i.e., dominance can now be decided
by the dichotomy of the staircase.

c) Only an equivalence class [z] left above [y] is bet-
ter than [y] and therefore dominates it, cp. Figure
4c. In this case, we have to update our staircase,
since it is possible that [z] dominates other equiv-
alence classes (and their containing tuples), too.
But updating is an easy step, because [z] only can
dominate equivalence classes right below of itself.
All equivalence classes right below of [z] (with-
out the dashed line) in the order of our staircase
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Figure 4a: Comparing a domi-
nated equivalence class.
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Figure 4b: Extending the Stair-
case.
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Figure 4c: Updating the Stair-
case.

points have to be deleted. For example, consider
[z] = (0.5, 1) in Figure 4c. [z] dominates [y] and
[y′] and therefore we have to delete these equiva-
lence classes and change the staircase to its new
form consisting of {[z] = (0.5, 1), [y′′] = (3, 0)}.

In the worst-case of BNL all tuples in the candi-
date window have to be compared to the new tuple to
decide dominance. In contradiction, using the stair-
case we only have to decide if a tuple is left of the
staircase, i.e., it dominates, or a tuple is right of the
staircase, i.e., it is dominated. This leads to the ques-
tion how to represent the staircase data structure?

5.2 The Staircase Data Structure

We observe that the dominance decision based on
the staircase is only applicable if the equivalence
classes on the staircase are comparable and ordered,
yielding a total order using the Manhattan distance,
cf. (Krause 1987).

Definition 6. Manhattan distance, L1 norm
The Manhattan distance d1 for an equivalence class
[x] = (x1, x2) in our staircase space is the distance
from the point (0,maxP ) to the point [x], where
maxP := max(max(fP1

),max(fP2
)). max(fPi

) is
the maximum function value for Pi.

d1([x]) = x1 − x2 +maxP

Lemma 2. Total Order of Staircase Points
The points on the staircase build a total order con-
cerning the Manhattan distance from Definition 6.

Proof. We give the proof using a Left-Semi-Pareto
preference P := P1 <⊗P2 with weak order preferences
P1 = (A1, <P1

) and P1 = (A2, <P2
). The proof for

Right-Semi-Pareto can be done analogously.
Consider an equivalence class [y] = (y1, y2) with

Manhattan distance d1([y]) = y1−y2+maxP already
on the staircase. We want to insert a newly tuple x
with equivalence class [x] = (x1, x2) and the same
distance d1([x]). Since maxP is fixed, they only have
the same Manhattan distance if y1 − y2 = x1 − x2.
This leads to the following possibilities:

• if xi = yi, i ∈ {1, 2}, both fall in the same equiv-
alence class, i.e., tuple x will be added to [y].

• if x1 > y1 and x2 > y2, then [x] is dominated by
[y]. Therefore tuple x is dominated, too.

• if x1 < y1 and x2 < y2, then [y] is dominated
and replaced by [x].

Since these are all possibilities for d1([y]) = d1([x])
the staircase points build a total order concerning the
Manhattan distance.

As an example consider the equivalence classes
[z] = (0.5, 1) and [y′′] = (3, 0) from Figure 4c. We
get a distance d1([z]) = −0.5 +maxP and d1([y

′′]) =
3 +maxP .

Using the Manhattan distance the dominance de-
cision in the staircase is easy. Search d1([x]) of a tuple
x. If d1([x]) exists, just compare the utility function
values with the existing equivalence class and find out
dominance (or add the tuple to the equivalence class
if it has the same function values). If d1([x]) does
not exists, compare the equivalence class of [x] to the
one with next lower distance. If [x] is not dominated
insert it into the staircase and update the staircase,
i.e., delete all equivalence classes dominated by [x].

Our first idea to use balanced search trees to store
the staircase failed on finding the dominated equiva-
lence classes for an update action, i.e., in a binary tree
it is not easy to find all points which are worse than
the newly inserted point. Skiplists are a collection of
sorted linked lists, each at a given “level”, that mimic
the behavior of a binary search tree.

Example 7. Figure 5 shows a Skiplist with equiv-
alence classes as keys ordered by the Manhattan
distance (number below the classes, maxP = 10).
Among other points it contains the classes from Fig-
ure 4b.

//

// //

// // // //

//// // // // // //

(0, 4) (1, 3) (2, 2) (3, 0) (5, 0) (8, 0) (14, 0)

6 8 10 13 15 18 24

Figure 5: A Skiplist with maximum level 4.

The number of nodes in each list decreases with
the level, implying that we can find a key quickly
by searching first at higher levels, skipping over large
numbers of shorter nodes, and progressively working
downwards until a node with the desired key is found,
or the bottom level is reached. Thus, the time com-
plexity of a Skiplist operation (insert, delete, search)
is logarithmic in the length of the list, O(log n),
cp. (Pugh 1990). Skiplists also provide easy access
to all equivalence classes for the update action. Begin
at the inserted point and run through the list until
dominance fails.

Theorem 4. Staircase Time Complexity
Let P be a Semi-Pareto preference. Given n input
tuples, then the semi-skyline of P can be evaluated in

• worst-case runtime: O(n logn)

• best-case runtime: O(n)



Proof. For each input tuple we either have to insert
or remove it from the staircase. These operations
can be done in logarithmic time. Therefore, we get a
worst-case complexity of n · O(log n).

Since our Staircase algorithm is a specialized BNL
algorithm, we can guarantee a best-case runtime of
O(n), cp. for instance (Godfrey et al. 2005).

Note that for simplicity we have only presented
the Staircase algorithm for WOPs. Staircase can be
generalized to arbitrary preferences, but due to length
restrictions this can not be presented here.

6 Performance Benchmarks

We now present results from an experimental study
designed to show the benefit of our techniques.

All compared algorithms are implemented in
our PreferenceSQL system (Hafenrichter & Kießling
2005), a Java SE 6 framework for preference queries.
All experiments are performed on a 2.53GHz Core 2
Duo machine running Mac OS X with 4 GB RAM
for the JVM. Moreover a buffer pool large enough
for all operations to fit into the main memory for all
tests was used. The input sets and the skyline points
are kept in main memory, too. Performing all oper-
ations in main memory is the best case for all used
algorithms since no external operation is necessary.

It has to be noted that this main memory require-
ment restricts the general applicability of our Stair-
case algorithm. However, as can be seen from the
subsequent benchmarks, the Staircase algorithm can
nevertheless be used for very large data sets.

6.1 BNL vs. Staircase

From Section 5 we know that BNL is the only algo-
rithm to evaluate arbitrary preference queries. There-
fore we compare BNL and our Staircase algorithm for
semi-skyline evaluation. Both algorithms have been
integrated in our PreferenceSQL framework to pro-
duce performance benchmarks.

We use synthetic data sets, since this is commonly
used for skyline evaluation and allow us to carefully
explore the effect of various data characteristics. For
this, we generate data sets with correlated (COR), in-
dependent (IND) and anti-correlated (ANTI ) distri-
butions using an implementation of the popular data
set generator of Börzsönyi et al. (2001), and vary the
data cardinality n, and the number of distinct domain
values c. In all synthetic experiments, the tuple size is
100 bytes (also used by Godfrey et al. (2005) in their
experiments). A tuple has attributes of type Integer
and bulk attributes with “garbage” characters to en-
sure that each tuple is 100 byte long. For simplicity
we generated a Semi-Pareto preference consisting of
LOWEST preferences (MIN in skylines queries).

Figure 6 shows runtimes for BNL and Staircase on an
anti-correlated data set containing up to n = 500K
tuples. We fixed c = 100K, i.e., the domain con-
tains 100.000 different values. Figure 7 contains the
comparison of BNL and Staircase for an independent
distributed data set. Due to the limited space we
only present these benchmarks. Further tests with
different cardinalities and number of distinct domain
values can be found in the extended version of this pa-
per, cp. (Endres & Kießling 2010). In all benchmarks
it turns out that Staircase for semi-skyline evaluation
performs much better than BNL.
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Figure 6: BNL vs. Staircase, ANTI
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Figure 7: BNL vs. Staircase, IND

6.2 Constrained Skyline Optimization

To evaluate the Pareto prefilter preference, we per-
formed several experiments. For this we integrated
our optimization rules into the preference query op-
timizer of PreferenceSQL. This allows the evaluation
of constrained preference queries. For the evaluation
of the semi-skylines we used our Staircase algorithm
from Section 5. The evaluation of the remaining pref-
erence was done by Hexagon (Preisinger & Kießling
2007). We evaluated the efficiency of our Semi-Pareto
prefilter preference (abbr. pref-prefilter) by compar-
ing the response times of several constrained pref-
erence queries to an evaluation of the queries with
standard optimization (e.g., building joins, cp. Hafen-
richter & Kießling (2005)), without prefilter prefer-
ences. We abbreviate this with no-pref-prefilter.

Remark: The reason for choosing the comparison
between an optimization with prefilter preferences
and without prefilter preferences is as follows: We de-
veloped generic optimization rules which can be easily
integrated into a preference query optimizer. We
do not rely on any index structures. Furthermore,
the mentioned skyline join algorithms from Section
2 (Related Work) check the hard constraints ’inside’
their algorithms, i.e., these works present modified
join operators for constrained skyline evaluation. All
these algorithms have the disadvantage that in the
case of a cartesian product, or a join, still all tuple
combinations have to be considered for the skyline
join. Therefore, a comparison to these skyline join
algorithms is not a good representation of the benefit
of our optimization laws. However, these algorithms
can be part of the operator repertoire to choose from.



For the evaluation we used the food database men-
tioned in the introduction. From this database we cre-
ated several relations, e.g., Soup, Meat, and Beverage
containing information about their eponymous types
of food. The sizes of these relations are as follows:
There are max. 500 soups, 680 meats, and 350 bever-
ages available, i.e., there are about 120 Mio. possible
combinations. We also evaluated the influence of var-
ious data distributions to our prefilter preference. In
all tests it turns out, that our optimization laws yield
significant benefits for constrained skyline computa-
tion. Due to limited space we only present tests on
the USDA data set. For further benchmarks we refer
to Endres and Kießling (2010).

Test 1: The first test is based on the query in Figure
1 and contains three constraints. For representation
we varied the amount of calories Cal, which must be
less than or equal to a value called max cal. The
amount of vitamin C (Vc) and the fat value (fat)
are fixed values. Notice, modifying the parameter
max cal changes the selectivity of the query, while
varying the size of the relations changes the size of the
problem to be solved. We varied the max cal value in
a range from 500 to 1600 calories, see Figure 8. Since
the prefilter preference only depends on the prefer-
ences and not on the hard constraints, the response
time for the preference query with different max cal
is nearly constant for each approach. In contrast,
the approach without prefilter preference takes much
more time to evaluate the whole query, since it must
build the full cartesian product to evaluate the join
conditions and the Pareto preference.
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Figure 8: Different amount of calories.

Test 2: In our second test we run the query from
Figure 1 with different relation sizes, i.e., a differ-
ent number of possible tuple combinations (but fixed
constraints) on our USDA database and demonstrate
the results in Figure 9. Again, the prefilter preference
eliminates tuples before building the cartesian prod-
uct and therefore speeds up the evaluation of the join
and the overall Pareto preference, respectively.

Test 3: We regard a preference query without a
cartesian product, i.e., a query containing only one
relation, namely the Meat table, but with a hard con-
straint on it (M.Cal ≤ 300). Since the hard con-
straint is a strong filter for the data set, the assump-
tion arises that inserting the prefilter preference and
pushing it over the hard selection will not speed up
the computation. This is due to the prefilter prefer-
ence is not such a strong criteria as the hard selection.
This result is verified by the benchmarks in Figure
10, where we run the query on the Meat table with a
modified tuple count.
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The runtimes without the prefilter preference are
much better, because using the prefilter implies the
evaluation of itself, the evaluation of the hard selec-
tion, and the computation of the original preference
on the top of the query. In contrast, without prefilter
preference only the hard selection and the preference
on top of the query has to be evaluated.

7 Summary and Outlook

In this paper we have proposed the novel concept of
semi-skylines. For semi-skylines we have provided the
Staircase algorithm, employing Skiplists for on-the-
fly dominance testing with a worst-case complexity
of O(n logn). We do not rely on any pre-computed
index structure. Hence, our methods are generally
applicable. As an application of semi-skylines we pre-
sented algebraic preference query optimization tech-
niques for constrained skyline queries. Our algebraic
laws can be easily integrated into a database sys-
tem by extending the query optimizer. After such
an operator tree optimization a cost-based optimiza-
tion phase can then choose the best available skyline
evaluation algorithm. In particular, known skyline
joins can be part of the operator repertoire to choose
from. Thus our presented algebraic transformation
approach using semi-skylines is not intended as a sub-
stitution for skyline joins, but may well complement
each other. Our experimental results show the benefit
of our algebraic optimizations. Although we reduced
the query evaluation time from round about 10min to
1min (for 120 ·106 tuples), further work must be done
for a very fast retrieval of all skyline points, e.g. in an
online diet planning service.
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