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Abstract

This paper presents the first approximation algo-
rithms and the first inapproximability results for min-
max path cover problems, where a capacity constraint
restricts the number of customers that can be ser-
viced by every trip of the paths in the cover. De-
pending on different applications, every path in the
cover may either be restricted to contain only one
trip, or be allowed to contain multiple trips but with
a return to the depot between every two consecutive
trips. We develop a 5-approximation algorithm for
the problem with multiple trips allowed, and a (7+ε)-
approximation algorithm for any ε > 0 for the prob-
lem with single trips only. For both problems, we
show that unless NP = P, it is impossible to achieve
any performance ratios less than 3/2.

Keywords: approximation algorithm, capacity con-
straint, min-max, path cover, single/multiple depots

1 Introduction

Due to several large-scale emergencies that have oc-
curred recently, routing for relief efforts has drawn
great attention. In this case, the latest service com-
pletion time becomes critical. Such a new strategic
goal on the routing of vehicles can be formulated into
a min-max path cover problem. Depending on dif-
ferent applications, vehicles may either be allowed
to take multiple trips with replenishment at the de-
pot between every two consecutive trips [4], or be
restricted to have one trip only [5], with each trip re-
stricted to serve a limited number of customers due
to the capacity of vehicles.

This motivates the following two problems to
be studied in this paper, the Min-max Capacitated
Path Cover Problem with Multiple Trips (CPCPMT),
and the Min-max Capacitated Path Cover Prob-
lem with Single Trips (CPCPST). The problem
instance of them can be represented by a tuple
(G, r, J, w, h, k, Q), where G = (V, E) is a complete
undirected graph, and r ∈ V denotes the depot of ve-
hicles, and J = V \ {r} represents a set of customers.
The function w forms a metric, giving a non-negative
edge weight to each edge in E, to indicate the edge
traveling time. The function h gives a non-negative
vertex weight h(v) for each vertex v ∈ V , to represent
the customer service handling time, where h(r) is de-
fined to be zero without loss of generality. Integers k,
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and Q represent the number of identical vehicles, and
the capacity of each vehicle, respectively, such that
every trip of the k vehicles can only service at most
Q customers.

For any subgraph H of G, we use V (H), J(H), and
E(H) to represent the vertex set, the customer set,
and the edge set of H, respectively, and use w(H), and
h(H) to denote the total edge weight, and the total
vertex weight of H, respectively. Thus, for any set
of paths, denoted by P, its latest service completion
time can be represented by the maximum total edge
and vertex weights of any path in P, which are defined
as the cost of P, and denoted by:

cost(P) = max
P∈P

{w(P ) + h(P )}.

Given any instance I = (G, r, J, w, h, k,Q), both
the min-max CPCPMT and the min-max CPCPST
are to minimize cost(P) of a set P of k paths, denoted
by P = {P1, P2, ..., Pk}, such that all the customers
in J are serviced by P, while each path in P starts
from the depot r, and contains trips that service at
most Q customers each. In the min-max CPCPST,
each path in P contains only one trip. Therefore,
we assume that kQ ≥ |J | in order to guarantee that
the instance has at least one feasible solution. In the
min-max CPCPMT, however, each path can contain
multiple trips, but needs to return to the depot r
between every two consecutive trips.

Throughout this paper, we use P∗ = {P ∗1 , . . . , P ∗k }
to denote an optimum solution to I, and use opt(I)
to denote cost(P∗), where I is any instance of the
min-max CPCPMT or the min-max CPCPST.

Related work. In vehicle routing literature, most of
the work studied problems to determine tours (rather
than paths), and to minimize the total traveling time
(rather than to minimize the latest service completion
time) [10, 6], for which heuristic algorithms were de-
veloped but with no guarantees of any constant per-
formance ratios [14, 3, 4]. Altinkemer [1], however,
developed an approximation algorithm that achieves
a performance ratio of 5/2 for a problem aiming to
minimize the total traveling time of a tour for a sin-
gle vehicle with multiple trips allowed.

The most related work in literature is Campbell
and Venenbussche [5], which studied some special
cases of the min-max CPCPST, but ignored the ver-
tex weights. The focus of their work is on evaluat-
ing the worst case performance, under the min-max
objective, for solutions that minimizes the total trav-
eling time. From their results, one can derive a 2-
approximation algorithm, and a 4-approximation al-
gorithm, respectively, for special cases with k = 1 and
Q = ∞, and with Q = ∞, respectively.

Other related literature studied the min-max un-
capacitated tour (or tree) cover problems, where fea-
sible solutions are a set of k tours (or trees) [2, 13, 8].
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For example, Frederickson [9] proposed a (5/2−1/k)-
approximation algorithm for a k-Traveling Salesmen
Problem (k-TSP), to determine a set of tours to
service all customers under the min-max objective,
which is equivalent to a min-max tour cover problem.

As far as we know, no approximation algorithms
with constant performance ratios are known for the
min-max CPCPMT and the min-max CPCPST.
Moreover, inapproximability results are unknown
for the two problems, and even for their related
problems in literature.

Our results. Our main results and their significance
are the following:

1. We have developed a 5-approximation algorithm
for the min-max CPCPMT, and a (7 + ε)-
approximation algorithm for any ε > 0 for the
min-max CPCPST, which are their first constant
ratio approximation algorithms. (See Section 4
and Section 5.)

2. We have derived the first inapproximability re-
sults for the min-max CPCPMT and the min-
max CPCPST, by showing that it is impossible
to achieve any performance ratios less than 3/2
in polynomial time, unless NP = P. (See Sec-
tion 2.)

3. Based on our work on the min-max CPCPST
and the min-max CPCPMT, we jave developed
approximation algorithms and inapproximability
results for the extensions in which vehicles start
their trips from multiple depots. (See Section 6.)

Algorithms, developed in this paper, are based on a
novel use of a tour splitting procedure in Section 2,
which extends the work of Frederickson [9] by taking
vertex weight into consideration.

2 Inapproximability Results

The following theorem states an inapproximability
bound of 3/2 for the min-max CPCPST:

Theorem 1. Unless NP = P, there is no
polynomial-time (3/2 − ε)-approximation algorithm
for the min-max CPCPST, for any ε > 0, even if
h(v) = 0 for all v ∈ V .

Proof. Suppose there exists a (3/2−ε)-approximation
algorithm for the min-max CPCPST with ε > 0. We
are going to show that this algorithm can be used to
solve the 3DM in polynomial time, defined as follows,
unless NP 6= P.

Given any 3DM instance, consider a CPCPST in-
stance I = (G, r, J, w, h, k, Q), which is defined as
follows. Let G = (V,E) be a complete undirected
graph on V , where V = {r}∪W ∪X ∪Y ∪⋃m

i=1{qi,j :
1 ≤ j ≤ 6}, and r is the depot, and J = V \ {r} is
the customer set. Let Ẽ =

⋃m
i=1 Ẽi, where for each

element Mi = (x, y, z) ∈ M, the edge subset Ẽi con-
sists of the 16 edges shown in Figure 1. For each Ẽi,
set w(qi,1, qi,2) = w(qi,4, qi,5) = w(qi,3, qi,6) = 0, and
set the edge weight of remainders in Ẽi to be 1. For
each edge (u, v) ∈ E \ Ẽ, define w(u, v) as the total
edge weight of the shortest path from u to v in the
subgraph (V, Ẽ). It can be verified that w forms a
metric. Moreover, we set each vertex weight to be 0,
and let k = 2m + n and Q = 3.

Define F(4, 2) as the set of paths P of G such that
|V (P )| = 4 and w(P ) ≤ 2, and that P starts from
the depot r. Consider each path P ∈ F(4, 2). We
can denote P by (rv1v2v3), where vj for 1 ≤ j ≤ 3

Figure 1: A component for each tuple Mi = (w, x, y)
used in transforming any 3DM instance to a min-max
CPCPST instance with h(v) = 0 for all v ∈ V .

are three different customers in J . Notice |E(P )| = 3,
and w(r, v) ≥ 1 for any v ∈ J . To satisfy w(P ) ≤ 2,
w(r, v1) must be 1, because as shown in Figure 1, G
has no adjacent edges with edge weight both equal to
0. For each 1 ≤ i ≤ m, consider the following eight
paths:

Pi,1 = (rqi,1qi,2w), Pi,2 = (rqi,2qi,1w),
Pi,3 = (rxqi,3qi,6), Pi,4 = (rxqi,6qi,3),
Pi,5 = (rqi,4qi,5y), Pi,6 = (rqi,5qi,4y),

Pi,7 = (rqi,1qi,2qi,3), Pi,8 = (rqi,4qi,5qi,6).

It can be verified {Pi,j : 1 ≤ i ≤ m, 1 ≤ j ≤ 8} is
a subset of F(4, 2). Moreover, {Pi,1, Pi,2 : 1 ≤ i ≤
m} consists of all paths in F(4, 2) that contain w,
{Pi,3, Pi,4 : 1 ≤ i ≤ m} consists of all paths in F(4, 2)
that contain x, and {Pi,5, Pi,6 : 1 ≤ i ≤ m} consists
of all paths in F(4, 2) that contain y.

We are now going to show that the 3DM instance
has an exact matching if and only if the (3/2 − ε)-
approximation algorithm for the min-max CPCPST
returns a feasible solution to I with cost at most 2.

On one hand, if the 3DM instance has an exact
matching M′, we can construct P by including paths
Pi,2j for 1 ≤ j ≤ 3, for all Mi ∈ M′, and including
paths Pi,j for 7 ≤ j ≤ 8, for all Mi ∈M\M′. Thus,
|P| = 3|M′|+ 2(|M| − |M′|) = k.

It can be verified that P covers all vertices in V ,
and cost(P) = 2. Thus the (3/2 − ε)-approximation
algorithm must return a feasible solution to I with
cost at most 2.

On the other hand, if the (3/2− ε)-approximation
algorithm returns a feasible solution P, to the min-
max CPCPST instance I, with cost(P) ≤ 2, then we
construct M′ by including all elements Mi ∈M that
have Pi,3 ∈ P or Pi,4 ∈ P, where 1 ≤ i ≤ m.

To prove that M′ is an exact matching for the
3DM instance, we can first verify that each path P ∈
P contains exactly 3 customer vertices. Thus, P ⊆
F(4, 2), and no two different paths in P can share
the same vertex in J . Furthermore, we can verify
that |M ′| = n and no two elements of M ′ agree in
any coordinate by contradiction.

Therefore, M ′ is an exact matching, which com-
pletes the proof.

Based on the proof of Theorem 1, we can also
obtain the following inapproximability result for the
min-max CPCPMT.

Theorem 2. Unless NP = P, there is no
polynomial-time (3/2 − ε)-approximation algorithm
for the min-max CPCPMT, for any ε > 0, even if
h(v) = 0 for all v ∈ V .
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3 Tour Splitting

In order to develop approximation algorithms for the
min-max CPCPST and the min-max CPCPMT, we
devise a tour splitting procedure in Algorithm 1.
Given a tour C, we first revise the edge weight of
each (u, v) ∈ E(C) in Step 1 as

w′(u, v) = w(u, v) + h(u) + h(v)

to include the vertex weight approximately. For each
segment S of C, let w′(S) denote the total revised
edge weight of S. Algorithm 1 then splits the tour
into segments in Step 2, such that the total revised
edge weight of each segment are bounded by a given
positive number B.

Algorithm 1 (Tour Splitting Procedure).
Input: a tour C in which no customer in J appears
more than once, a positive number B, and a start
point s.
Output: a set S of segments of C.

1. For each edge (u, v) ∈ E(C), revise the edge
weight as w′(u, v) = w(u, v) + h(u) + h(v).

2. From the start point s of C, relabel all the ver-
tices along C in a clockwise direction by v1, v2,
..., and v|V (C)|, in which v1 = v|V (C)| = s. Set
π(0) = 0 and t = 0.

3. Repeat the following, until the revised total edge
weight of the segment (vπ(t)+1vπ(t)+2 . . . v|V (C)|)
of C is less than or equal to B.

(a) Increase t by 1.
(b) Let vπ(t) denote the last vertex along C in

a clockwise direction from vπ(t−1)+1, such
that w′(vπ(t−1)+1vπ(t−1)+2 . . . vπ(t)) ≤ B.

4. Set π(t) = |V (C)|, and so vπ(t) = v|V (C)|.
Split C into t segments by setting Si =
(vπ(i−1)+1vπ(i−1)+2 . . . vπ(i)), for 1 ≤ i ≤ t. Re-
turn S = {Si, 1 ≤ i ≤ t}.

Algorithm 1 runs in polynomial time, and holds
the following two properties.

Firstly, notice that no customer in J appears in C
more than once, and h(r) = 0. By the definition of
w′, as shown in Step 1 of Algorithm 1, we know:

w′(C) = w(C) + 2h(C). (1)

Secondly, for the segment set S returned by Al-
gorithm 1, its cost (under w and h), denoted by
cost(S) = max1≤i≤|S|{w(Si) + h(Si)}, is bounded by
B, due to the following Lemma 1.

Lemma 1. Algorithm 1 splits C into a set S of seg-
ments, such that:

1. cost(S) ≤ B, and

2. |S| ≤ d[w(C) + 2h(C)]/Be.
Proof. Firstly, according to Step 3 of Algorithm 1,
w′(Si) ≤ B must be satisfied for 1 ≤ i ≤ |S|. Notice
that Si = (vπ(i−1)+1vπ(i−1)+2 . . . vπ(i)), which implies
w′(Si) = w(Si) + 2h(Si) − h(vπ(i−1)+1) − h(vπ(i)).
Since h(Si) ≥ h(vπ(i−1)+1) + h(vπ(i)), we obtain
w(Si) + h(Si) ≤ w′(Si). Thus, cost(S) ≤ B.

Secondly, according to Step 3(b) of Algorithm 1,
B < w′(Si) + w′(vπ(i)+1, vπ(i)) must be satisfied for
1 ≤ i ≤ |S| − 1. Hence, (|S| − 1)B < w′(C). By
(1), since |S| is an integer, we obtain |S| ≤ d[w(C) +
2h(C)]/Be.

4 Approximation Algorithm for the Min-max
CPCPMT

In this section, we present a 5-approximation algo-
rithm for the min-max CPCPMT, in which every path
of the vehicles is allowed to contain multiple trips, but
needs to return to the depot between every two con-
secutive trips.

Algorithm 2 (CPCPMT).
Input: an instance I = (G, r, J, w, h, k, Q).
Output: a set P of k paths.

1. (a) Find a minimum spanning tree T ∗ of G.
Obtain a tour C ′ that consists of all cus-
tomers in J , by doubling each edge of T ∗,
finding an Eulerian cycle, and short-cutting
the depot r and any duplications of vertices
in the cycle. Set the start point s as r. Re-
label the customer vertices of C ′ in a clock-
wise direction by v1, v2, ..., and v|J|.

(b) For each iteration i, where i = 1, 2, ..., Q,
split the portion of the tour from vi+1
to vb(|J|−i)/QcQ+i into segments that con-
sist of Q customers each. It may form
two additional segments, i.e., the first seg-
ment that contains vertices v1 to vi, and
the last segment that may contain vertices
vb(|J|−i)/QcQ+i+1 to v|J|. Connect the two
endpoints of each segment to the depot r.
This leads to a new tour, denoted by Ci,
which contains multiple trips with each trip
starting from the depot r and consisting of
at most Q customers.

(c) Among all the tours Ci obtained in Step
1(b) for 1 ≤ i ≤ Q, let C denote one with
the minimum total edge and vertex weight.

2. Apply the Algorithm 1 on the tour C and a
bound B, to split C into a set S of segments,
where B is set as follows.

B = 2|J |d̄/(Qk) + 2[w(T ∗) + h(G)]/k, (2)

d̄ =
∑

v∈J

w(r, v)/|J |. (3)

3. For each segment in S , connect one of its end-
points to the depot r, which forms a set P of
paths. If |S| < k, then add k − |S| empty paths
to P.

4. Return P.

To prove the correctness of Algorithm 2, we
present a following upper bound on the total edge
and vertex weight of the tour C obtained by Step 1.

Lemma 2. In Algorithm 2, the tour C obtained by
Step 1 satisfies:

w(C) + h(C) ≤ 2|J |d̄/Q + 2w(T ∗) + h(G). (4)

Proof. From Step 1(a) of Algorithm 2, we know
w(C ′) ≤ 2w(T ∗) by the triangle inequality of w.
When Step 1(b) constructs the Q tours Ci for 1 ≤
i ≤ Q, each customer v ∈ J has been connected to
the depot r for at most twice, and each edge of C
has appeared in the Q tours at most Q times. Thus,
by summing up all the total edge and vertex weight
of the Q tours, and by the definition of d̄ in (3), we
obtain:

Q∑

i=1

[w(Ci) + h(Ci)] ≤ 2|J |d̄ + 2Qw(T ∗) + Qh(G).
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Since w(C) + h(C) ≤ w(Ci) + h(Ci) for 1 ≤ i ≤ Q,
we have:

Q[w(C) + h(C)] ≤ 2|J |d̄ + 2Qw(T ∗) + Qh(G),

which leads to (4).

Based on Lemma 2, we can prove the correctness
of Algorithm 2 as follows.
Lemma 3. For any min-max CPCPMT instance I,
Algorithm 2 returns a feasible solution to I in poly-
nomial time.

Proof. The polynomial time complexity is easy to be
verified. We prove as follows that the path set P
returned by Algorithm 2 is a feasible solution to I.

From Lemma 1, we have |S| ≤ d[w(C) +
2h(C)]/Be. Thus, according to the value of B chosen
in (2), and by Lemma 2 and h(C) ≤ h(G), we obtain
|S| ≤ k, which implies |P| = k due to Step 3. Due
to Step 3 of Algorithm 2, each path in P starts from
the depot r. Notice that the tour C obtained in Step
1 of Algorithm 2 covers all the customers in J , and
so does P, because paths in P contains all segments
split from C in Step 2. Moreover, notice that C con-
tains multiple trips with each trip containing at most
Q customers, and so does each segment split from C.
This implies that every trip in paths in P contains
at most Q customers. Thus, P satisfies the capacity
constraint, and is a feasible solution to the min-max
CPCPMT instance I.

To analyze the performance ratio of Algorithm 2,
we derive as follows a lower bound on opt(I) for any
given instance I.
Lemma 4. For any min-max CPCPMT instance I,
opt(I) satisfies

opt(I) ≥ max{ |J |d̄
Qk

,
w(T ∗) + h(G)

k
}. (5)

Proof. Consider an optimal solution P∗ =
{P ∗1 , . . . , P ∗k } to I. For each path P ∗i , where
1 ≤ i ≤ k, let y(i) denote the number of its trips. For
its j-th trip, where 1 ≤ j ≤ y(i), let v∗j denote the
customer with largest edge weight from the depot r
in the trip. Thus, we have

y(i)∑

j=1

w(r, v∗j ) ≤ w(P ∗i ) + h(P ∗i ), for 1 ≤ i ≤ k.

Since each trip can service at most Q customers,

[
∑

v∈J(P∗
i
)

w(r, v)]/Q ≤
y(i)∑

j=1

w(r, v∗j ), for 1 ≤ i ≤ k.

Thus, noticing
∑k

i=1

∑
v∈J(P∗

i
) w(r, v) = |J |d̄ by (3),

we obtain

|J |d̄/Q ≤
k∑

i=1

y(i)∑

j=1

w(r, v∗j ) ≤
k∑

i=1

[w(P ∗i ) + h(P ∗i )]

≤ k · opt(I). (6)

Moreover, notice that
⋃

P ∗i spans all the vertices
of G, implying

w(T ∗) + h(G) ≤
k∑

i=1

[w(P ∗i ) + h(P ∗i )] ≤ k · opt(I).

Together with (6), this leads to (5).

Hence, we can establish the performance ratio of
Algorithm 2.

Theorem 3. Algorithm 2 achieves a performance
ratio of 5 in polynomial time for the min-max
CPCPMT.

Proof. Consider any min-max CPCPMT instance I.
By Lemma 3, Algorithm 2 returns a feasible solu-
tion P to I in polynomial time. For the segment
set S constructed in Step 2 of Algorithm 2, from
Lemma 1 and (2), we know cost(S) ≤ 2|J |d̄/(Qk) +
2[w(T ∗) + h(G)]/k. Thus, according to Lemma 4, we
have cost(S) ≤ 4opt(I). Notice that each path in P
is constructed by connecting a segment in S to r, in
Step 3 of Algorithm 2. Due to the triangle inequality
of w, w(r, v) ≤ opt(I) for each vertex v ∈ V , which
implies cost(P) ≤ 5opt(I). Thus, the performance
ratio of Algorithm 2 is 5.

5 Approximation Algorithm for the Min-max
CPCPST

In this section, we present a (7 + ε)-approximation
algorithm for any ε > 0 for the min-max CPCPST, in
which every path of the vehicles is forced to contain
only one trip.

The approximation algorithm relies on Algo-
rithm 3. Given any λ > 0, and any instance I of
the min-max CPCPST, Algorithm 3 either returns
“λ is too small” (implying λ < opt(I)), or returns a
feasible solution to I with cost at most 7λ, in polyno-
mial time, (as shown in Lemma 5). Thus, since opt(I)
is bounded by the interval [maxv∈J w(r, v), 2w(G) +
h(G)], we can apply a binary search to obtain a close
value λ, such that Algorithm 3 will return a feasi-
ble solution with cost at most 7λ, and that for any
ε > 0, Algorithm 3 will return and guarantee that
(λ− ε) is too low. Hence, a polynomial time (7 + ε)-
approximation algorithm can be obtained.

Algorithm 3 (CPCPST).
Input: an instance I = (G, r, J, w, h, k, Q), and λ > 0.
Output: “λ is too small”, or a set P of paths.

1. If maxv∈J w(r, v) > λ, return “λ is too small”.

2. Find a minimum spanning tree T ∗ of G. Ob-
tain a tour C that consists of all customers in
J , by doubling each edge of T ∗, finding an Eule-
rian cycle, and short-cutting the depot r and any
duplications of vertices in the cycle.

3. Apply Algorithm 1 on the tour C and a bound
B, to split the tour C into a set S of segments,
where B = 2λ. By Lemma 1, each segment in
cost(S) ≤ 2λ. If |S| > k, return “λ is too small”.
Otherwise, if |S| < k, then add (k − |S|) empty
segments to S.

4. Set the path set P = ∅. For each iteration i,
where i = 1, 2, ..., k − 1,

(a) Find Smin, and Smax, which denote the seg-
ments in S that contain the least, and the
most number of customers, respectively.

(b) If |V (Smax)| ≤ Q, then, stop the iteration,
and go to Step 5.

(c) Otherwise, |V (Smax)| > Q, and then, from
one of its endpoints, relabel the vertices
along Smax by v1, v2, ..., v|V (Smax)|. Notice
that |V (Smin)| < Q, (as shown in the proof
of Lemma 5.) Let j = Q−|V (Smin)|, which
satisfies 1 ≤ j ≤ |V (Smax)|. Connect one
endpoint of Smin to the segment (v1 . . . vj)
of Smax through v1, and then, connect the
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other endpoint of Smin to the depot r,
which forms a path Pi. Add Pi to the path
set P. Replace Smax in S with its remaining
segment (vj+1vj+2 . . . v|V (Smax)|). Remove
Smin from S.

5. For each segment remaining in S, connect one
of its endpoints to the depot r, to form a path,
which is then added to the path set P.

6. Return P.

The correctness of Algorithm 3 is shown in
Lemma 5 as follows.

Lemma 5. Given any min-max CPCPST instance
I, and given any λ > 0, if Algorithm 3 returns “λ is
too small”, then λ < opt(I); otherwise, Algorithm 3
returns a feasible solution P to I with cost(P) ≤ 7λ.

Proof. If Algorithm 3 returns “λ is too small” in Step
1, then there exists at least one vertex v ∈ J with
w(r, v) > λ. Due to the triangle inequality of w, we
have w(r, v) ≤ opt(I), which implies λ < opt(I)

If Algorithm 3 returns “λ is too small” in Step 3,
then by Lemma 1, k < d[w(C) + 2h(G)]/(2λ)e. Ac-
cording to Step 2 of Algorithm 3, and by the triangle
inequality of w, we have w(C) ≤ 2w(T ∗), which im-
plies k < d[w(T ∗) + h(G)]/λe. To show λ < opt(I),
consider an optimal solution P∗ = {P ∗i : 1 ≤ i ≤ k}
to I. Since

⋃k
i=1 P ∗i spans all the vertices of G, we

have w(T ∗) + h(G) ≤ ∑k
i=1[w(P ∗i ) + h(P ∗i )], which

is less than or equal to k · opt(I). Thus, we obtain
λ < opt(I).

Otherwise, Algorithm 3 returns a path set P. Ac-
cording to Steps 3 and 4, we can see that for each it-
eration in Step 4, it always satisfies that |P|+|S| = k,
and that each path in P contains exact Q customers.
Thus, in Step 3(c), where |V (Smax)| > Q, it must
hold that |V (Smin)| < Q, because kQ ≥ |J |.

Let us now verify the capacity constraint for P.
When Step 4 of Algorithm 3 stops its iterations, it
can be seen that each path Pi in P satisfies |V (Pi)| =
Q. Furthermore, we can show that every segment
remained in S contains at most Q customers.

Moreover, by Step 5, each path in P must start
from the depot r. By Step 2, P must service all the
customers in J . Notice that in each iteration in Step
4, it always satisfies that |P| + |S| = k. Thus, the
resulting path set P after Step 5 satisfies |P| ≤ k.
Therefore, P is a feasible solution to I.

Finally, we are going to prove that the cost of P is
at most 7λ. By Lemma 1, the cost of S, constructed in
Step 3, is not greater than 2λ. Thus, in each iteration
of Step 4, we have total edge and vertex weight of any
portion of Smax is not greater than 2λ. Since weight
of the edge that connects Smin and (v1...vj) in Step
4(c) is not greater than 2λ, and weight of the edge
that connects Smin to r in Step 4(c) is not greater
than λ. Thus, for every path constructed in Step 4, its
total edge and vertex weight are not greater than 7λ.
Hence, cost(P) ≤ 7λ. The proof is completed.

From Lemma 5, and according to the arguments
in beginning of this section, we can directly obtain
a (7 + ε)-approximation algorithm, for any ε > 0,
by a binary search, which establishes the following
theorem.

Theorem 4. For any ε > 0, there exists a polynomial
time (7+ε)-approximation algorithm for the min-max
CPCPST.

6 Extensions for Multiple Depots

In this section, we develop approximation algorithms
and inapproximability results for the extensions of the
min-max CPCPMT and the min-max CPCPST, in
which vehicles can start their trips from multiple de-
pots. Our study contributes to a growing body of
literature on the multiple depot vehicle routing prob-
lems, such as [11, 7, 12], which, however, mainly focus
on minimizing the total traveling time rather than on
optimizing the min-max objective.

In the situation with multiple depots, a
problem instance can be represented by I =
(G,D, J,w, h, k,Q), where G = (V, E) is a given com-
plete undirected graph, D ⊆ V denotes the set of de-
pots, J = V \ D denotes the customer set, and w,
h, k, and Q are edge weight, vertex weight, the vehi-
cle number, and the vehicle capacity. We can assume
h(d) = 0 for each depot d ∈ D without loss of gener-
ality.

Thus, both the min-max CPCPMT with multi-
ple depots (CPCPMT-MD in short), and the min-
max CPCPST with multiple depots (CPCPST-MD in
short) are to minimize cost(P) of a set P of k paths,
denoted by P = {P1, P2, ..., Pk}, such that all the
customers in J are serviced by P, while each path in
P starts from a depot in D, and contains trips that
service at most Q customers each. In the min-max
CPCPST-MD, each path in P is restricted to contain
only one trip. We thus assume kQ ≥ |J | to ensure
the feasibility of the given instance. In the min-max
CPCPMT-MD, each path is allowed to contain mul-
tiple trips, but between every two consecutive trips,
the path needs to return to a depot in D, which can
be different from the depot where the path begins.

6.1 Inapproximability Results for Multiple
Depot Extensions

In the following, we prove the inapproximability re-
sults for the min-max CPCPST-MD, and the min-
max CPCPMT-MD, respectively.

Theorem 5. Unless NP = P, there is no
polynomial-time (2 − ε)-approximation algorithm for
the min-max CPCPST-MD, for any ε > 0, even if
h(v) = 0 for all v ∈ V .

Proof. Based on a similar reduction from 3DM to an
instance of the min-max CPCPST-MD, we can verify
this theorem.

Based on the proof of Theorem 5, we can further
derive the following inapproximability result for the
min-max CPCPMT-MD.

Theorem 6. Unless NP = P, there is no
polynomial-time (2 − ε)-approximation algorithm for
the min-max CPCPMT-MD, for any ε > 0, even if
h(v) = 0 for all v ∈ V .

6.2 Approximation Algorithm for the Min-
max CPCPMT-MD

In the following, we develop a (7 + ε)-approximation
algorithm for the min-max CPCPMT-MD, which re-
lies on Algorithm 4. Given any λ > 0 and any in-
stance I of the min-max CPCPMT-MD, Algorithm 4
either returns that “λ is too small” (implying λ <
opt(I)) or returns a feasible solution P to I with cost
at most 7λ.

Considering an induced graph G(J), let E(λ) de-
note the subset of edges in G(J) with edge weight less
than or equal to λ. Let Gj(λ) for 1 ≤ j ≤ m(λ) de-
note each of the m(λ) connected components of the
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subgraph (J,E(λ)). Since D and J are disjoint, Gj(λ)
contains no depots in D.

Algorithm 4 (CPCPMT-MD).
Input: Instance I = (G, D, J,w, h, k,Q) and λ > 0
Output: “λ is too small” or a path set P.

1. If there exists v ∈ J such that mind∈D w(v, d) >
λ, then return “λ is too small”.

2. For each connected component Gj(λ) of the sub-
graph (J,E(λ)), where E(λ) denote the subset of
edges in G with edge weight less than or equal to
λ, and 1 ≤ j ≤ m(λ), do the followings:

(a) Find a minimum spanning tree T ∗j of Gj(λ),
and construct a tour, denoted by C ′j , in
Gj(λ) by doubling each edge of T ∗j , finding
an Euclidian cycle, and short-cutting any
duplications of vertices in the cycle.

(b) For each iteration i, where i = 1, 2, ..., Q, do
the followings:

i. Follow Step 1(b) of Algorithm 2 to split
the tour C ′j , from vi+1 and in a clock-
wise direction, into segments with each
containing at most Q customers.

ii. For each two consecutive segments σ
and σ′, split from C ′j by Step 2(b).i, let
(v, v′) denote the edge in C ′i that joins
the endpoints of σ and σ′, and then con-
nect both v and v′ to the nearest depot
of v in D. This leads to a new tour,
denoted by Cj,i, that contains multiple
trips with each trip starting from a de-
pot in D, and consisting of at most Q
customers.

(c) Among all the tours Cj,i obtained in Step
2(b), let Cj be the one with minimum total
edge and vertex weight.

(d) Apply Algorithm 1 on Cj and B = 6λ to
split Cj into a set Sj of segments.

3. If
∑m(λ)

j=1 |Sj | > k, returns “λ is too small”.

4. For 1 ≤ j ≤ m(λ), connect an endpoint of each
segment in Sj to its nearest depot in D, which
forms a set P of paths. If |S| < k, then add
k − |S| empty paths to P.

5. Return P.

Consider any instance I of the min-max
CPCPMT-MD. To prove the correctness of Algo-
rithm 4, consider each connected component Gj(λ)
of the subgraph (J,E(λ)), where 1 ≤ j ≤ m(λ). Let
P∗j denote the subset of paths in the optimum path
cover P∗ with each path containing at least one vertex
of Gj(λ). Let k∗j denote the number of paths in P∗j .
We next derive as follows a lower bound on opt(I).

Lemma 6. For each connected component Gj(λ) of
the subgraph (J,E(λ)), where 1 ≤ j ≤ m(λ), define

d̄j =

∑
v∈J(Gj(λ)) mind∈D w(v, d)

|J(Gj(λ))| . (7)

If opt(I) ≤ λ, then

opt(I) ≥ |J(Gj(λ))|d̄j

Qk∗j
. (8)

Proof. We can follow the proof of Lemma 4 for
each Gj(λ). More specifically, we can replace G
with Gj(λ), J with J(Gj(λ)), P∗ with P∗j , d̄ with
d̄j defined in (7), k with k∗j , and w(r, v) with
mind∈D w(d, v) in the proof of of Lemma 4, to obtain

|J(Gj(λ))|d̄j/Q ≤ k∗j · opt(I).

which leads to (8) directly.

Thus, the correctness of Algorithm 4 can be proved
as follows.

Lemma 7. Given any min-max CPCPMT-MD in-
stance I, and given any λ > 0, if Algorithm 4 re-
turns “λ is too small”, then λ < opt(I); otherwise,
Algorithm 4 returns a feasible solution P to I with
cost(P) ≤ 7λ.

Proof. If Algorithm 4 returns “λ is too small” in Step
1, there exists at least a vertex v ∈ J such that
mind∈D w(v, d) > λ. Due to the triangle inequality
of w, we can see λ < opt(I).

Otherwise, if Algorithm 4 returns “λ is too small”
in Step 3, then

∑m(λ)
j=1 |Sj | > k. By contradiction,

suppose opt(I) ≤ λ. Consider each connected com-
ponent Gj(λ) in Step 2, where 1 ≤ j ≤ m(λ). No-
tice that by eliminating depots in each path in P∗j
by shortcuts, and adding at most k∗j − 1 edges with
weight not greater than λ, one can obtain a tree that
spans all vertices in Gj(λ), implying that in Step 2(a),

w(T ∗j ) + h(T ∗j ) ≤
∑

P∈P∗
j

[w(P ) + h(P )] + k∗j λ ≤ 2k∗j λ (9)

In Step 2(b).ii, for each two consecutive segments σ
and σ′, which are split from C ′j in Step 2(b).i, con-
sider the edge (v, v′) in C ′j that joins σ and σ′, and
let d(v) denote the nearest depot of v in D. By the
triangle inequality, we have w(d(v), v′)+w(d(v), v) ≤
w(v, v′) + 2w(d(v), v). Thus, according to Step 2(b),
and noticing w(C ′j) ≤ 2w(T ∗j ), by following an argu-
ment similarly to the proof of Lemma 4, we have:

w(Cj) + 2h(Cj) ≤ 2|J(Gj)|d̄j/Q + 2[w(T ∗j ) + h(T ∗j )].

Thus, if opt(I) ≤ λ, then by Lemma 6, equation (9),
Lemma 1, and equation (1), we obtain

|Sj | = d2|J(Gj)|d̄j/Q + 2[w(T ∗j ) + h(T ∗j )]
6λ

e ≤ k∗j ,

which implies
∑m(λ

i=1 )|Sj | ≤
∑m

i=1 k∗j = k, leading to
the contradiction. Hence, λ < opt(I).

Otherwise, Algorithm 4 returns a set P of paths
in Step 5. Similarly to the proof of Lemma 3, it can
be verified that P is a feasible solution to the given
instance I of the min-max CPCPMT-MD. Due to
B = 6λ and Lemma 1, we have cost(Sj) ≤ 6λ for
each Sj obtained in Step 2(d). According to Step 1,
each edge that joins a vertex to its nearest depot in
D must have a weight not greater than λ in Step 4.
Hence, cost(P) ≤ 7λ, which completes the proof.

Similarly to Section 5, from Lemma 7 and Algo-
rithm 4, we can obtain a (7+ε)-approximation for any
ε > 0, by binary search. Thus, the following theorem
is established.

Theorem 7. For any ε > 0, there exists a polynomial
time (7+ε)-approximation algorithm for the min-max
CPCPMT-MD.
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6.3 Approximation Algorithm for the Min-
max CPCPST-MD

For the min-max CPCPST-MD, we develop as fol-
lows a bi-criteria approximation algorithm. For any
ε > 0, it achieves a bi-criteria performance ratio of
(5 + ε, 2), which, as a weaker notion of approxima-
tion guarantees, implies that the path cover returned
has total edge and vertex weight not greater than
(5+ ε)opt(I), and has the total number of paths con-
tained not greater than 2k.

Algorithm 5 (CPCPST-MD).
Input: Instance I = (G, D, J,w, h, k,Q) and λ ≥ 0
Output: “λ is too small” or a path set P.

1. If there exists v ∈ J such that mind∈D w(v, d) >
λ, then return “λ is too small”.

2. For each connected component Gj(λ) of the sub-
graph (J,E(λ)), where E(λ) denote the subset of
edges in G with edge weight less than or equal to
λ, and 1 ≤ j ≤ m(λ), do the following:

(a) Find a minimum spanning tree T ∗j of Gj(λ),
and construct a tour, denoted by C ′j , in
Gj(λ) by doubling each edge of T ∗j , finding
an Euclidian cycle, and short-cutting any
duplications of vertices in the cycle.

(b) Revise Algorithm 1 to split C ′j into a
set Sj of segments, where the Step 3(b)
of Algorithm 1 is revised to find the
last vertex vπ(t) such that the segment
w′(vπ(t−1)+1, . . . , vπ(t)) has total revised
edge weight less than or equal to B =
4λ, and contains at most Q customers,
i.e., w′(vπ(t−1)+1, . . . , vπ(t)) ≤ B and
|J(vπ(t−1)+1, . . . , vπ(t))| ≤ Q.

3. If
∑m(λ)

j=1 |Sj | > 2k, returns “λ is too small”.

4. For each segment in Sj , and for 1 ≤ j ≤ m(λ),
connect any endpoint of it to the nearest depot
in D, which forms a set P of paths. Return P.

By following an argument similarly to the proof of
Lemma 7, we can prove Lemma 8 for the correctness
of Algorithm 5.

Lemma 8. If Algorithm 5 returns “λ is too small”,
then λ < opt(I); otherwise Algorithm 5 returns a path
cover P with cost(P) ≤ 5λ and |P| ≤ 2k.

Similarly to Section 5, from Lemma 8 and Algo-
rithm 5, we can obtain a (5 + ε, 2)-approximation for
any ε > 0, by binary search. Thus, the following the-
orem is established for the min-max CPCPST-MD.

Theorem 8. For any ε > 0, there exists a polynomial
time bi-criteria (5+ε, 2)-approximation algorithm for
the min-max CPCPST-MD.

7 Concluding Remarks

In this paper, we have presented the first constant
ratio approximation algorithms, for the min-max
CPCPMT and the min-max CPCPST, achieving per-
formance ratios of 5 and (7+ε), respectively. We have
proved that both of the problems cannot be approxi-
mated with any performance ratios less than 3/2 un-
less NP = P. The analysis and techniques developed
in this work establishes a basis for future research on
other min-max vehicle routing problems, such as the
min-max capacitated tour cover problem.
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